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Abstract 
Advances in fabrication, measurement and characterization have led to intense research 
in the area of nanoporous membranes. Owing to its ultrathin thickness, graphene 
nanopores are promising candidates for various applications such as water desalination, 
single molecule sensing, etc. Understanding water and ion transport mechanisms and 
properties in membranes is essential to characterize and design membranes for various 
applications mentioned above. In nanopores, transport mechanisms can differ from the 
continuum theory and transport properties under confinement can be different from the 
bulk values. In such a situation, molecular dynamics simulation is a useful tool to 
observe molecular level details. In this thesis, structure, properties and transport 
mechanism of water and ions in graphene nanopores are investigated in detail to realize 
the full potential of graphene nanopores, using molecular dynamics simulations.  
Due to the unique water structure, confined in the radial direction and layered 
in the axial direction of the pore, water viscosity and slip length increase with a 
decrease in the pore radius, in contrast to water confined in a carbon nanotube. Due to 
the nanometer dimension of the pore, Reynolds number for pressure-driven water flow 
through graphene nanopores is very small and a linear relation between flow rate and 
applied pressure drop is observed. Hydrodynamic membrane length is introduced to 
effectively capture entrance and exit pressure losses. As the diameter of the pore 
increases, the water transport mechanism transitions from collective diffusion to 
frictional flow described by the modified Hagen–Poiseuille equation. Graphene 
membrane is shown to be ultra-efficient by comparing the permeation coefficient of 
graphene membrane to that of advanced membranes.  
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Water transport through graphene is compared with water transport through 
thin carbon nanotube (CNT) membranes. For smaller diameter membranes, where 
single-file structure is observed, water flux is lower through the graphene membrane 
compared to that of the CNT membrane, primarily due to the frequent rupture of 
hydrogen bonding network and L/D defect-like water orientation in the graphene pore. 
For larger diameter pores, where the water structure is not single-file, graphene 
membranes provide higher water flux compared to CNT membranes. Furthermore, in 
thin CNT membranes, the water flux did not vary significantly with the thickness of the 
membrane. This result is explained by the pressure distribution and plug-like velocity 
distribution in the CNT. 
Finally, the static and dynamic properties of ions are investigated with and 
without an external electric field. Ion concentration in graphene nanopores sharply 
drops from the bulk concentration when the pore radius is smaller than 0.9 nm. Ion 
mobility in the pore is also smaller than bulk ion mobility due to the layered liquid 
structure in the pore-axial direction. The results show that a continuum analysis can be 
appropriate when pore radius is larger than 0.9 nm if pore conductivity is properly 
defined. Additionally, several orders of magnitude larger electro-osmotic water flow 
rate was observed in the subcontinuum regime (pore radius less than 0.9 nm) compared 
to that of porous alumina or carbon nanotube membranes. Since many applications of 
graphene nanopores, such as single molecule sensing and desalination, involve water 
and ion transport, the results presented here will be useful not only in understanding the 
behavior of water and ion transport but also in designing graphene nanopores for 
various applications.  
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Chapter 1 
Introduction: Fundamentals of Nanofluidics and Nanopores 
 
1.1 Introduction to Nanofluidics 
1.1.1 What is nanofluidics? 
Nanofluidics is often defined as the study of fluids in and around structures of 
nanometer scale in one or more dimensions [1]. As pointed out by Eijkel and van den 
Berg, nanofluidics is actually not a new field. Many classical disciplines dealt with 
fluids in nanoscale without being explicitly defined as such. Several decades ago, for 
example, membrane scientists began studying reverse osmosis through nanoporous 
membranes and biologists water and ion channels. Because of recent advancements in 
nanotechnology and the rise of microfluidics, the study of fluids at the nanoscale 
gained its own name and evolved into an active research area.  
A schematic diagram representing the study of nanofluidics in various disciplines is 
shown in Figure 1.1. Some physical phenomena relevant for nanofluidics are described 
for each discipline. As can be seen in the figure, an overlapping of many fields 
illustrates how nanofluidics research has evolved as a multidisciplinary approach. 
Theories developed in each field were transferable. In physiology, for example, 
researchers developed rate theory for water and ion channels, and the theory was also 
applied to membrane science. Also, the fabrication of nanofluidic devices in 
engineering was facilitated by the field of biology. To mimic the high selectivity and 
efficiency of biological channels, scientists have fabricated biomimetic nanofluidic 
channels (nanopores). Synthetic nanopores such as carbon nanotubes (CNT), similar to 
the scale of a biological channel, are investigated to understand the water and ion 
2 
 
dynamics in biological channels.  
Such multidisciplinary efforts have incorporated nanofluidics as an individual scientific 
field with the aid of nanoscale fabrication and measurement techniques having 
progressed considerably over the last decade[2]. Progress on nanoscale measurement 
techniques has allowed researchers to study fluid behavior at the nanoscale. Such 
progress involves computational techniques such as molecular dynamics (MD) 
simulation as well as experimental techniques like atomic force microscopy (AFM) and 
scanning tunneling microscopes (STM).  
Researchers have discovered many interesting physical phenomenon concerning fluids, 
unexpectedly from bulk fluids. The origins of such interesting phenomenon can be 
separated into surface-related phenomenon and size-related phenomenon; they occur at 
nanometer scale. As surface-to-volume ratio significantly increases in fluids confined to 
nanoscale structures, surface phenomenon predominantly affects the overall dynamics 
of fluids. As an example of the surface effect, a superfast water flow rate has been 
observed in carbon nanotubes. The flow rate is due to the smooth and hydrophobic 
surface of carbon nanotubes, which induced a large slip length at the surface [3, 4]. The 
size effect is associated with molecular sized nanoscale confinement. Ice-like water 
structures and abnormally slow water diffusion has been found in water confined in 
nanoscale channels of 1.22 nm in diameter [5]. When a nano channel size was further 
reduced to that of the diameter of water (~0.81 nm), researchers observed a fast flow 
rate by a hopping mechanism [6]. The next section discusses about characteristic length 
scale inducing interesting nanofluidic behavior.  
 
1.1.2 Characteristic length scale of nanofluidics  
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At the molecular scale, where continuum description breaks down, there often occur 
unexpected and therefore scientifically interesting, physical phenomena related to 
nanoscale confinement. The molecular scale typically reaches up to 3-5 molecular 
diameters (see Figure 1.2). The molecular diameter for water is ~0.3 nm and for ions is 
~0.8 nm considering a hydration shell. On such a length scale, molecules form highly 
ordered structures. In the example of water confined to a carbon nanotube, abnormally 
slow diffusion is associated with the ice-like structure of water. In smaller diameters of 
carbon nanotubes (reaching one molecular diameter), a fast flow rate with molecular 
hopping is related to a one-dimensionally hydrogen-bonded, single file structure.  
Surface-related phenomenon might play a role on a much larger scale. Some important 
physical parameters related to surface phenomenon are shown in Figure 1.2 with its 
length scale [2]. Slip length characterizes the surface friction by the immobilized nano 
channel or nanopore wall. A large slip length induces high water flow rate, one of the 
remarkable phenomenon in nanofluidics. Slip length is usually sub-nanometric on 
hydrophilic surfaces, but on hydrophobic surfaces slip length can reach up to a few ten 
nanometers. Much larger slip lengths of up to the micron range may be obtained by 
surface engineering. Other length scales related to electokinetics are Debye lengths and 
Dukhin lengths. Debye length characterizes the electrostatic screening, e.g., the width 
of the electrical double layer [2]. Researchers [7] have observed that when the channel 
diameter was less than the Debye length scale there was reversed electro-osmotic flow 
that could not be explained by continuum analysis.  
One may obtain further insights into the behavior of fluids at the nanoscale from a 
dimensionless number by relating it to length dimensions at constant velocity. They are 
summarized in Table 1.1. Reynolds number, ratio of inertial force, and viscous force, 
have a length order of one, indicating that inertial force is generally negligible and 
viscous force is important on the nanoscale. On the other hand, the capillary number—
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the ratio of viscous force to surface tension force—has zero orders, indicating it is not 
affected by down-scaling [1].  
An appropriate simulation method corresponding to the system size is shown in Figure 
1.1. In nanofluidics, molecular dynamics is a fairly efficient tool. Subcontinuum 
dynamics are well captured in reasonable computation time. The simulation time that 
MD can calculate reaches up to ~100 ns, for a small system containing hundreds of 
molecules, up to 1-10 ns, for a large system containing thousands of molecules. To 
overcome the limit of length and time scale in MD, MD is often coupled to the 
continuum theory. Also, MD can be coupled to the ab inito method to capture the 
quantum effect such as polarizability. MD methodology is discussed in detail in 
Chapter 3.  
 
1.2 Nanopores with high functionality  
A nanopore is defined as an enclosed channel whose diameter is several nanometers to 
hundreds of nanometers, spanning the thickness of membrane material. In nanofluidics, 
the emerging field of research advancing biological research and membrane science is 
fluid behavior and transport confined to nanopores. The presence of nanopores is 
abundant in nature, easily found in cell membranes and minerals. However, advances in 
fabrication, characterization, and measurement on the nanoscale have led to a wide 
variety of synthetic nanopores. Additionally, the functionality of nanopores has been 
improved by precise controls over pore size and surface modifications. This section 
discusses biological and synthetic nanopores, focusing on their efficiency and 
functionality. 
1.2.1 Water and ion channels in cell membranes  
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Nanofluidics is not actually, as noted above, a new field. Researchers have long 
conducted biological research on water and ion transport in cellular membranes. As [8] 
observed, “Nature has been doing nanotechnology for a long time, and it has become 
expert in it.” Various water and ion channels are embedded in lipid bilayers and their 
high functionality mediates, quite efficiently, transport of species and electrochemical 
potential through the membrane. 
Its high functionality is proved and its mechanism is identified using MD simulation [9]. 
The water channel permeates water at a very fast rate and strictly rejects ions including 
protons. The permeation rate of human water channel aquaporin-1 (AQP1) reaches up 
to three water molecules/ns per channel. The collective motion of water molecules has 
been discussed as the main contribution to the high permeation rate achieved by 
lowering the activation energy. The correlation factor between water molecules was 
approximately 0.8, indicating a highly correlated motion between water molecules. Ions 
such as potassium and sodium were rejected mainly due to the size hindrance. A proton 
is blocked near the channel center at the NPA motif where dipole orientation of water 
molecules is flipped [10]. The permeation rate of AQP1 is about an order of magnitude 
higher than that of commercial water filtration membranes permeating water molecules 
and rejecting ions, thus, performing roles similar to AQP1. Additionally, AQP1 
effectively blocks small molecules such as boric acid and urea, which permeate more 
easily through commercial membranes.  
Ion channels in biological membranes selectively permeate specific ions passively 
along the electrochemical potential difference or actively against the electrochemical 
potential difference. One example of various ion channels are the K
+
 channels, which 
play a role in the transmission of nerve impulses. By calculating the potential of mean 
force along KcsA K
+
 channel, researchers found that K
+
 conduction is essentially 
without the energetic barrier. The barrier for Na+ conduction is 6.6 kcal/mol higher 
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than that for K
+
 to permeate to the core of the channel, indicating the selectivity of K
+
 
over Na
+
[11]. The fluctuation of the carbonyl oxygen atoms lined at the main 
selectivity filter also affects the discrimination between Na
+ 
and K
+
[11]. Ion channels in 
cell membranes also exhibit an excellent gating effect in response to ligand binding or 
voltage difference. The molecular modeling of water and ion channels is shown in 
Figure 1.3. 
1.2.2 Biomimetic nanopores 
The high functionality of biological nanopores motivated the synthesis of biomimetic 
nanopores. Many researchers have tried, through chemical modification or 
incorporating biological systems, to achieve the desired selectivity and permeability 
that resembles the biological nanopore. Kumar et al. [12] incorporated aquaporin water 
channels, introduced in the previous section, into polymeric membranes. Such 
incorporation increased the permeability of polymeric membranes by ~800 times. Salt 
rejection rate was as excellent as in commercial desalination membranes. Despite that, 
the permeability was an order of magnitude higher than the commercial desalination 
membranes (see Figure 1.4). Additionally, the permeability was shown to be controlled 
by adjusting the concentration of AQP.  
Following the work of Kumar et al., many researchers have developed other 
biomimetic nanopores. Lipid bilayer membranes have been coated on the top of 
commercial nanofiltration membranes, to take advantage of mechanical robustness of 
commercial nanofiltration membranes [13]. Inspired by the olfactory systems of insects 
[14], researchers have coated lipid bilayer membranes on the surface of nanopores 
including pore walls. Some advantages of the bilayer coating were the tuning of 
translocation speeds of proteins and anti-fouling effects. Conversely, researchers have 
tried to embed artificial water channels into biological lipid bilayer membranes. Pillar 
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[5]arene derivative adopting unique tubular conformations was inserted into the lipid 
bilayer membranes, and it selectively transported water while blocking protons [15].     
1.2.3 Carbon nanotubes and boron nitride nanotubes 
Carbon nanotubes, discovered by Iijima et al. [16] and boron nitride nanotubes, 
discovered by Chopra et al.[17] showed high functionality comparable to biological 
nanopores of mass transporters [6]. Carbon nanotubes and boron nitride nanotubes can 
be described by rolling up the 2D graphene sheet and boron nitride sheet, respectively. 
Figure 1.5 represents the chirality of nanotubes and Equation 1.1 describes the 
nanotube diameter calculated with the chiral indices (n1, n2). For example, for (6, 6) 
CNT, the diameter is 0.814 nm.  
 d =
√𝑛1
2 + 𝑛2
2 + 𝑛1𝑛2
𝜋
𝑎 (1.1) 
where a is the lattice constant, 0.246 nm. 
In 2001, Hummer et al. showed that water could permeate through hydrophobic (6, 6) 
CNT at a very high rate comparable to AQP [18]. One-dimensional single file water 
structure, similar to that in AQP, is found in (6, 6) CNT and (10,0) CNT [18, 19] (see 
Figure 1.6). By including the partial charge of CNT calculated from the density 
functional theory, the dipole orientation of the single file water chain flipped in (10, 0) 
CNT, as in AQP. Due to an energy penalty associated with hydrogen bond breakage and 
reorientation, the diffusion rate is slightly smaller in (10, 0) CNT than in (6, 6) CNT. 
The use of CNT and BNNT as a desalination membrane has also been studied [20]. 
Compared to polymeric membranes, CNT and BNNT showed two to three factors 
higher permeability by pressure-driven flow. Ions are strictly rejected by its size of (6, 6) 
CNT and (6, 6) BNNT, suggesting that carbon and boron nitride nanotubes could be a 
good candidate for desalination membranes whose efficiency is close to that of the 
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biological pore [21].  
High water and gas permeability were shown experimentally through carbon nanotubes 
embedded in silicon nitride matrix or polymeric matrix [4, 22]. In CNT with 7 nm of 
pore diameter, the permeability per membrane area was 0.58~0.72 cm/min∙bar, and the 
calculated slip length based on the HP equation (see Section 1.4) reached 39-54 mm. In 
CNT with ~1.6 nm of pore diameter, the permeability per membrane area was ~2-7 
mm
3
/cm
2∙s∙atm, which led to the enhancement over no-slip hydrodynamics of three to 
four orders of magnitude and the estimated slip length of 140-1400 nm. 
The ion exclusion in CNT has also been studied. Functionalized carbon nanotubes have 
been examined as ion-selective channels that resemble the biological ion channel. In 
molecular dynamics simulation, tip functionalization with carboxyl groups and amine 
groups is shown as cation and anion selective channels, respectively [5]. Experiments 
have also shown that carbon nanotubes with carboxyl groups exclude the ions by 
electrostatic repulsion [23]. Without any tip functionalization, (10, 10) BNNT showed 
anion selectivity while (10, 10) CNT showed cation selectivity mainly because of 
electrostatic interaction between polarized nanotubes and ions [24]. However, since 
most ion-selective nanotubes rely on an electrostatic repulsion mechanism, the 
selectivity of biological ion channels between ions with the same charge (e.g., K 
channel permeates K
+
 while effectively blocking Na
+
) is still the challenge of man-
made nanopores.  
 
1.2.4 Discovery of ultrathin nanopore 
Ultrathin nanopores are fabricated to increase the flow rate by reducing the frictional 
loss caused by the surface. In fact, biological cell membranes are only 2~9 nm thick 
while commercial membranes or carbon nanotube membranes are on the micrometer 
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scale. Membrane lengths as thin as 30 nm are fabricated based on undeformed, cross-
linked proteins (usually ferritin) [25]. The schematic diagram of protein-based 
membranes is shown in Figure 1.7. As the figure shows, the flow rate was inversely 
proportional to the membrane thickness. For 60 nm long pores, the water flow rate was 
as high as 8100 L/h∙m2, which is an order of magnitude higher than the no-slip 
hydrodynamics. The permeation coefficient, 9,000 L/ h ∙m ∙bar is also two to three 
orders of magnitude higher than the commercial nano- or ultrafiltration membranes.  
Striemer and colleagues fabricated porous nanocystalline silicon membranes (Pnc-Si) 
as thin as 15 nm [26]. The controlled pore size varied from 5 nm to 25 nm. Nanometer-
thin membranes showed, at an order of a magnitude faster than existing materials, 
selective permeation of differently sized molecules or similarly sized molecules with 
different charges [26]. Water permeability was reported to be higher than that of the 
CNT membranes [27]. However, that is due to the higher porosity of Pnc-Si membranes. 
Compared to the permeation coefficient of single nanopores, permeability of CNT is 
actually higher than that of 15 nm thick Pnc-Si membranes.  
 
1.3 Subcontinuum and continuum theory in nanofluidics 
1.3.1 Rate theory 
The transport rate induced by an external field can be estimated from the equilibrium 
fluctuations. As shown in Figure 1.8, we can define the rate coefficient, k0, at which 
molecules overcome the energy barrier, ΔG. In equilibrium simulation, the forward 
and backward rate coefficient is identical, and according to Kramer’s theory, they can 
be written as  
 𝑘0 = 𝑤0exp(∆𝐺/𝑘𝐵𝑇) (1.2) 
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where w0 is Kramer’s pre-factor (“attempt rate”). 
The dominant energy barrier experienced by molecules passing through pores is mainly 
located at the pore mouth region. When a potential difference is applied across the pore, 
the height of the energy barrier is decreased in the forward direction and increased in 
the backward direction. Accordingly, the forward rate coefficient, k
+
, is increased by a 
factor of exp (Δμ/2kBT) and the backward rate coefficient, k
-
 is decreased by the same 
factor with respect to the equilibrium rate coefficient, k0.   
Thus, the resulting net flux is given by: 
 𝐽 = 𝑘+ − 𝑘− = 2𝑘0sinh (−
∆𝜇
2𝑘𝐵𝑇
) (1.3) 
When potential difference, Δμ is subsequently small,  
 𝐽 = 𝑘0
∆𝜇
𝑘𝐵𝑇
 (1.4) 
The equation above can be applied in various situations in which a translocation of 
molecules is involved.  
water permeation coefficients in pressure driven flow 
When a pressure drop between two reservoirs is introduced, the chemical potential 
difference is given by  
 ∆𝜇 = 𝜈𝑤Δ𝑃 (1.5) 
where vw is the volume of single water molecule, Vw/NA. 
Thus,  
 𝐽 =
𝜈𝑤𝑘0
𝑘𝐵𝑇
Δ𝑃 (1.6) 
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Volumetric flow rate can be written as 
 𝐽𝑄 =
𝑣𝑤
2𝑘0
𝑘𝐵𝑇
Δ𝑃 (1.7) 
Hence, the permeation coefficient of the pressure-driven flow can be obtained with the 
rate coefficient, k0, by the following equation: 
 𝑝𝑄 =
𝐽𝑄
Δ𝑃
=
𝑣𝑤
2𝑘0
𝑘𝐵𝑇
 (1.8) 
Ionic conductance of nanopores  
When voltage difference is applied across the membrane, the potential difference is 
given by  
 𝛥𝜇=qV (1.9) 
Thus, the ionic current is given by  
 𝐼𝑠 = q𝐽𝑠 = 𝑘0,𝑠
𝑞2𝑉
𝑘𝐵𝑇
 (1.10) 
Similar to the water permeation coefficient, ionic conductance can be obtained with the 
rate coefficient of ions by the following equation.  
 G =
𝐼
𝑉
= 𝑘0,𝑠
𝑞2
𝑘𝐵𝑇
 
(1.11) 
 
1.3.2 Navier-Stokes equation and Hagen-Poiseuille’s equation 
Applying Newton’s law on the fluid element, the Navier-Stokes equation is given by  
 
𝜌 (
𝜕𝒗
𝜕𝑡
+ 𝒗 ∙ ∇𝒗) = −∇𝑝 + ∇ ∙ 𝑻 + 𝒇 
(1.12) 
where v is the velocity, 𝜌 is the density, p is the pressure, T is stress tensor and f is 
12 
 
body force such as gravity acting on the fluid. The Navier-Stokes equation represents 
momentum conservation, which is often solved with mass conservation represented by 
continuity equation,  
 
𝜕𝜌
𝜕𝑡
+ ∇ ∙ (𝜌𝒗) = 0 (1.13) 
In the case of incompressible Newtonian fluid, the Navier-Stokes equation is expressed 
as  
 𝜌 (
𝜕𝒗
𝜕𝑡
+ 𝒗 ∙ ∇𝒗) = −∇𝑝 + 𝜇∇2𝒗 + 𝒇 (1.14) 
and the continuity equation is expressed as  
 ∇ ∙ 𝐯 = 𝟎 (1.15) 
In the case of axisymmetric flow in a cylindrical channel, the fluid velocity profile in 
the radial direction of the channel can be derived by assuming flow is steady state and 
fully developed and then applying the no-slip boundary condition, as below: 
 𝑢𝑧(𝑟) = −
1
4𝜇
(𝑅2 − 𝑟2)
∆𝑃
𝐿
 (1.16) 
where R is the channel radius and L is the channel length and ΔP is the pressure 
difference between two ends.  
The volumetric flow rate can be obtained by ∫ 𝑢𝑧(𝑟)2𝜋𝑟d𝑟
𝑅
0
 as followed: 
 Q =
𝜋𝑅4
8𝜇𝐿
∆𝑃 (1.17) 
The equation above is the well-known Hagen-Poiseuille’s equation. Permeation 
coefficient by Poiseuille’s flow is  
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 𝑝𝑄 =
𝑄
∆𝑃
=
𝜋𝑅4
8𝜇𝐿
 
(1.18) 
 
1.3.3 Poisson-Nernst-Planck equation 
As the liquid transport by mechanical force is expressed by the Navier-Stokes equation 
in the form of a partial differential equation, an ion transport by electrical force is 
expressed by the Poisson-Nernst-Planck equation. The Poisson equation relates charge 
density and potential distribution by  
 ∇2𝜑 = −
1
𝜖0𝜖
∑𝑧𝑖𝑒𝑛𝑖
𝑖
 (1.19) 
where 𝜖0 is the vacuum permittivity, and ϵ is the dielectric constant of solution; 𝑛𝑖 
is the number density of ion species i, and zie is the charge of ion species i. The ion flux 
Ji can be obtained by the Nernst-Planck equation describing particle transport by 
charge gradient (diffusion) and electric potential gradient (electrophoresis). 
 𝐽𝑖 = −𝐷𝑖(∇𝑛𝑖 +
𝑧𝑖𝑒𝑛𝑖
𝑘𝑇
∇𝜑) (1.20) 
In a steady state condition, ∇ ∙ 𝐽𝑖 = 0 
Thus,  
 ∇ ∙ (∇𝑛𝑖 +
𝑧𝑖𝑒𝑛𝑖
𝑘𝑇
∇𝜑) = 0 (1.21) 
The Poisson and Nernst-Planck equations need to be solved simultaneously to obtain 
the potential and ionic density distribution with an appropriate boundary condition. 
Then, the ionic current can be obtained for the cylindrical channel by 
𝐼𝑖 = 𝑧𝑖𝑒 ∫ 𝐽𝑖
𝑅
0
2𝜋𝑟d𝑟.  
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1.3.4 Permeation coefficient of low aspect ratio nanopore 
In the case of low aspect ratio nanopores (L/D≲1), the entrance and exit effect is not 
negligible and the Navier-Stokes equation cannot be reduced to Hagen-Poiseuille’s 
flow because of entrance/exit pressure loss. For the intermediate Reynolds number, the 
pressure loss and the entrance length were found empirically [28]. The entrance length 
is defined as the distance from the pore mouth to the region where flow is fully 
developed (du/dz = 0). The entrance length is approximately ~0.06Re∙d. Theoretically, 
a solution can be obtained by solving the Navier-Stokes equation numerically with the 
proper boundary condition. For a low Reynolds number flow, the viscous term is 
dominant over the inertia term. The Navier-Stokes equation reduces to the Stoke’s 
equation.  
Dagan et al. [29] solved the low Reynolds number (creeping) flow through a pore of 
finite length with the no-slip boundary condition. The relation between volumetric flow 
rate and total pressure drop was approximated by  
 ∆𝑃𝑡𝑜𝑡𝑎𝑙 = (
3𝜇
𝑅3
+
8𝜇𝐿𝑝
𝜋𝑅4
)𝑄 (1.22) 
The first term is Sampson’s solution for creeping flow through a circular orifice of zero  
thickness [30]. Thus, it represents pressure loss due to the entrance and exit effect. The 
second term is Hagen-Poiseuille’s solution for flow through a cylindrical pore of length 
Lp without the entrance and exit effect. Thus, it represents a pressure drop across the 
pore length Lp. Accordingly, the total pressure drop can be divided into entrance/exit 
pressure loss (ΔPloss) and pressure drop across the pore (ΔPp), 
 
∆𝑃𝑙𝑜𝑠𝑠 =
3𝜇
𝑅3
𝑄 
(1.23) 
and  
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 ∆𝑃𝑝 =
8𝜇𝐿𝑝
𝜋𝑅4
𝑄  (1.24) 
The permeation coefficient is given by  
 
𝑝𝑄 =
𝑄
Δ𝑃
= (
3𝜇
𝑅3
+
8𝜇𝐿𝑝
𝜋𝑅4
)
−1
 
(1.25) 
1.3.5 Ionic conductance of low aspect ratio nanopore 
Similar to the liquid permeation rate, the ionic conductance can be obtained by 
numerically solving the Poisson-Nernst-Plank equation. Alternatively, Hall estimated 
the ionic conductance analytically from Ohm’s law.  
The net resistance of the pore can be obtained by summing the resistance inside the 
pore and the access resistance.  
 𝑅 = 𝑅𝑝𝑜𝑟𝑒 + 2𝑅𝑎𝑐𝑐 (1.26) 
The access resistance of a circular pore was initially obtained by Hille [31, 32] by 
considering a hemisphere as an effective electrode in the pore mouth, leading to 
R𝑎𝑐𝑐 = 𝜌/𝜋𝑑, where d is the pore diameter and ρ is the resistivity of the medium. 
However, Hall discovered that the contribution of the hemisphere was neglected in 
Hille’s approach and that it was equal to the value of access resistance [33]. 
For an improved approach, Hall considered a conducting circular disk in the pore 
mouth by assuming that the pore mouth was an equipotential surface [33]. Capacitance 
between electrodes in the insulating media was related to the resistance between 
electrodes in conducting the media by 
 R =
𝜖𝜌
𝐶
 (1.27) 
Where R is the resistance, C is the capacitance and ε is the permittivity of the medium. 
Since the capacitance of a conducting disk is  
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 𝐶 = 4𝜖𝑑 (1.28) 
As one side of the pore involves only one half-space,  
 𝑅𝑎𝑐𝑐 =
𝜌
2𝑑
 (1.29) 
The pore resistance can be written as  
 𝑅𝑝𝑜𝑟𝑒 =
4𝜌𝐿
𝜋𝑑2
 
(1.30) 
Hence, using the pore resistance and access resistance from Hall, the pore conductance 
can be written as  
 
G = σ [
4𝐿
𝜋𝑑2
+
1
𝑑
]
−1
 
(1.31) 
The equation above is widely used and discussed in nanopore literature [34-36].   
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Group Abbreviation Definition Order length 
Bond number Bo 
Ratio of gravitational and 
surface tension forces 
2 
Grashof number Gr 
Ratio of buoyancy to viscous 
forces 
3 
Reynolds number Re 
Ratio of the inertia and viscous 
forces 
1 
Weber number We 
Ratio of inertia to surface 
tension forces 
1 
Capillary number Ca 
Ration of viscous and surface 
tension forces 
0 
Table 1.1 Dimensionless numbers and their order of length at constant velocity [1, 37] 
  
18 
 
Figure 1.1. Schematic diagram of nanofluidics research in various disciplines [1]. 
  
19 
 
Figure 1.2. Simulation methods according to the system size and characteristic length 
scale in nanofluidics. Length scale is adopted from [2]. 
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Figure 1.3. Molecular modeling of water (left) and ion channels (right). Reproduced 
from [9], [11]. 
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Figure 1.4. High permeability of biomimetic membrane. Polymeric membrane with 
incorporated aquaporin water channel (AqpZ-ABA) is compared to commercial reverse 
osmosis (RO) and forward osmosis (FO) membranes and other polymeric membranes, 
EE-EO and ABA. Reproduced from [12]. 
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Figure 1.5. Single walled carbon nanotube (SWNT) can be described by rolling up the 
2D graphene sheet. The Chirality is described by the roll-up vector Ch=n1a1+n2a2 where 
a1 and a2 are lattice vectors. The diagram is constructed for (n1, n2) = (4, 2). Dashed 
lines indicate the limiting cases, armchair type (n, n) and zigzag type (n, 0). 
Reproduced from [38]. 
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Figure 1.6. Single file water structure in (6,6) CNT (left) and water flow rate in (6,6) 
CNT (right). 
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Figure 1.7. (Left) Schematics of Protein-based membranes. Pore length as thin as 60 
nm is fabricated with 2.2 nm of pore diameter. (Right) Water flux increases as thickness 
decreases. For the smallest thickness, water flux reaches up to 8100 h
-1∙m
-2
 at 90 kPa. 
Reproduced from [25].  
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Figure 1.8. Graphical representation of rate theory. k0 is equilibrium rate coefficient at 
which molecules crosses energy barrier ΔG. When the potential difference is 
introduced, the difference in the  forward rate coefficient and backward rate 
coefficient represents the net flow from the high potential side to the low potential side. 
Reproduced from [39]. 
  
26 
 
References 
1. Eijkel, J. C. T.; van der Berg, A., Nanofludics: what is it and what can we 
expect from it? Microfluid Nanofluid 2005, 1, 249-267. 
2. Bocquet, L.; Charlaix, E., Nanofludics, from bulk to interfaces. Chem. Soc. Rev. 
2010, 39, 1073-1095. 
3. Joseph, S.; Aluru, N. R., Why are carbon nanotubes fast transporters of water? 
Nano Lett. 2008, 8, 452-458. 
4. Holt, J. K.; Park, H. G.; Wang, Y.; Stadermann, M.; Artyukhin, A. B.; 
Grigoropoulos, C. P.; Noy, A.; Bakajin, O., Fast mass transport through sub-2-
nanometer carbon nanotubes. Science 2006, 312, 1034-1037. 
5. Joseph, S.; Mashl, R. J.; Jakobsson, E.; Aluru, N. R., Electrolytic transport in 
modified carbon nanotubes. Nano Lett. 2003, 3, 1399-1403. 
6. Hummer, G.; Rasaiah, J. C.; Noworyta, J. P., Water conduction through the 
hydrophobic channel of a carbon nanotube. Nature 2001, 414, 188-190. 
7. Qiao, R.; Aluru, N. R., Charge Inversion and Flow Reversal in a Nanochannel 
Electro-osmotic Flow. Phys. Rev. Lett. 2004, 92, 198301. 
8. Twist, J., Myths and realities of nano futures. BBC News Online 2004. 
9. De Groot, B. L.; Grubmuller, H., Water Permeation across Biological 
Membranes: Mechanism and Dynamics of Aquaporin-1 and GlpF. Science 2001, 294, 
2353-2357. 
10. De Groot, B. L.; Frigato, T.; Helms, V.; Grubmuller, H., The Mechanism of 
Proton Exclusion in the Aquaporin-1 Water Channel. J. Mol. Biol. 2003, 333, 279-293. 
11. Berneche, S.; Roux, B., Energetics of ion conduction through the K
+
 channel. 
Nature 2001, 414, 73-77. 
12. Kumar, M.; Grzelakowski, M.; Zilles, J.; Clark, M.; Meier, W., Highly 
permeable polymeric membranes based on the incorporation of the functional water 
channel protein Aquaporin Z. Proc. Natl. Acad. Sci. USA 2007, 104, 20719-20724. 
13. Kaufman, Y.; Berman, A.; Freger, V., Supported Lipid Bilayer Membranes for 
Water Purification by Reverse Osmosis. Langmuir 2009, 26, 7388-7395. 
14. Yusko, E. C.; Johnson, J. M.; Majd, S.; Prangkio, P.; Rollings, R. C.; Li, J.; 
Yang, J.; Mayer, M., Controlling protein translocation through nanopores with bio-
inspired fluid walls. Nature Nanotech. 2011, 6, 253-260. 
15. Hu, X.; Chen, Z.; Tang, G.; Hou, J.; Li, Z., Single-Molecular Artificial 
Transmembrane Water Channels. J. Am. Chem. Soc. 2012, 134, 8384-8387. 
16. Iijima, S., Helical microtubules of graphitic carbon. Nature 1991, 354, 56-58. 
17. Chopra, N.; Luyken, R.; Cherrey, K.; Crespi, V. H.; Cohen, M. L.; Louie, S. G.; 
Zett, A., Boron Nitride Nanotubes. Science 1995, 269, 966-967. 
18. Hummer, G.; Rasaiah, J. C.; Noworyta, J. P., Water conduction through the 
hydrophobic channel of a carbon nanotube. Nature 2001, 414, 188-190. 
19. Won, C. Y.; Joseph, S.; Aluru, N. R., Effect of quantum partial charges on the 
structure and dynamics of water in single-walled carbon nanotubes. J. Chem. Phys. 
2006, 125, 114701. 
20. Suk, M. E. Fast reverse osmosis through nantube-base membranes: molecular 
dynamics study. University of Illinois at Urbana-Champaign, Urbana, 2009. 
21. Suk, M. E.; Raghunathan, A. V.; Aluru, N. R., Fast reverse osmosis using boron 
27 
 
nitride and carbon nanotubes. Appl. Phys. Lett. 2008, 92, 133120. 
22. Hinds, B. J.; Chopra, N.; Rantell, T.; Andrews, R.; Gavalas, V.; Bachas, L. G., 
Aligned multiwalled carbon nanotube membranes. Science 2004, 303, 62-65. 
23. Fornasiero, F.; Park, H. G.; Holt, J. K.; Stadermann, M.; Grigoropoulos, C. P.; 
Noy, A.; Bakajin, O., Ion exclusion by sub-2-nm carbon nanotube pores. Proc. Natl. 
Acad. Sci. USA 2008, 105, 17250. 
24. Won, C. Y.; Aluru, N. R., A chloride ion-selective boron nitride nanotube. 
Chem. Phys. Lett. 2009, 478, 185-190. 
25. Peng, X.; Jin, J.; Nakamura, Y.; Ohno, T.; Ichinose, I., Ultrafast permeation of 
water through protein-based membranes. Nature Nanotech. 2009, 4, 353-357. 
26. Striemer, C. C.; Gaborski, T. R.; McGrath, J. L.; Fauchet, P. M., Charge-and 
size-based separation of macromolecules using ultrathin silicon membranes. Nature 
2007, 445, 749-753. 
27. Gaborski, T. R.; Snyder, J. L.; Striemer, C. C.; Fang, D. Z.; Hoffman, M.; 
Fauchet, P. M.; McGrath, J. L., High-performance separation of nanoparticles with 
ultrathin porous nanocrystalline silicon membranes. ACS Nano 2010, 4, 6973-6981. 
28. White, F. M., Fluid Mechanics. McGraw-Hill: New York, 2004. 
29. Dagan, Z.; Weinbaum, S.; Pfeffer, R., An infinite-series solution for the 
creeping motion through an orifice of finite length. J. Fluid Mech. 1982, 115, 505-523. 
30. Sampson, R. A., On Stokes's current function. Philos. Trans. R. Soc. Londeon, 
Ser. A 1891, 182, 449-518. 
31. Hille, B., Pharmacological modifications of the sodium channel of frog nerve. 
J. Gen. Physiol. 1968, 51, 199-219. 
32. Hille, B., Ionic channels in nerve membranes. In Progress in Biophysics and 
Molecular Biology, Butler, J. A. V., Ed. Pergamon Press: New York, 1970; Vol. 21. 
33. Hall, J. E., Access resistance of a small circular pore. J. Gen. Physiol. 1975, 66, 
531-532 
34. Kowalczyk, S. W.; Grosberg, A. Y.; Rabin, Y.; Dekker, C., Modeling the 
conductance and DNA blockade of solid-state nanopores. Nanotechnology 2011, 22, 
315101. 
35. Lee, C.; Joly, L.; Siria, A.; Biance, A.; Fulcrand, R.; Bocquet, L., Large 
Apparent Electric Size of Solid-State Nanopores Due to Spatially Extended Surface 
Conduction. Nano Lett. 2012, 12, 4037-4044. 
36. Tsutsui, M.; Hongo, S.; He, Y.; Taniguchi, M.; Gemma, N.; Kawai, T., Single-
Nanoparticle Detection Using a Low-Aspect-Ratio Pore. ACS nano 2012, 6, 3499-3505. 
37. Oosterbroek, R. E. Modeling, design and realization of microfluidic 
components. University of Twente Enschede, 1999. 
38. Odom, T. W.; Huang, J.; Kim, P.; Lieber, C. M., Structure and Electronic 
Properties of Carbon Nanotubes. J. Phys. Chem. B 2000, 104, 2794-2809. 
39. De Groot, B. L.; Grubmuller, H., The dynamics and energetics of water 
permeation and proton exclusion in aquaporins. Curr. Opin. Struct. Biol. 2005, 15, 176-
183. 
  
28 
 
Chapter 2 
Fabrication and Application of Graphene Nanopores: 
Literature Review 
 
Graphene, a monolayer of honeycomb carbon structure, is a building block of graphitic 
materials such as fullerenes, nanotubes, and graphites (see Figure 2.1). In 2004, Geim 
and colleagues first isolated graphene and thus discovered new horizons in material 
science and nanotechnology [1]. By mechanical exfoliation, single- and multi-layer 
graphene flakes were pinned to substrates by only weak van der Waals interaction. This 
was a surprising finding, one that contradicted the presumption that two-dimensional 
crystals were thermodynamically unstable. This paved the way to the discovery of the 
extraordinary mechanical, electrical, and thermal properties of graphene; its 
extraordinary properties led to intense research on its wide applications as well as on 
the fundamentals of low-dimensional physics [2].  
The first attempt to produce graphene was through a top-down approach. By the 
micromechanical cleavage of bulk graphite, high quality graphene up to a millimeter in 
size was produced. Instead of mechanical cleavage being done manually, ultrasonic 
cleavage also produced stable graphene. This was considered a more suitable way for 
industrial scale synthesis [3]. In the chemical derivation of graphene, graphite oxide is 
synthesized through the oxidation of graphite, which is readily exfoliated in water. An 
alternative route to producing graphene is the bottom-up approach through chemical 
vapor deposition (CVD). One of the major advantages of substrate-based methods for 
29 
 
graphene is the ease of integrating graphene into electronic devices [4].  
In addition to the extraordinary properties of graphene—the high mechanical strength, 
the electrical and thermal conductivity—one unique structural feature benefits its 
various applications, and that is its single atomic thickness. One such application is 
membrane technology; nanoporous graphene can ideally be the thinnest membrane. A 
great deal of progress on drilling pores in graphene has been achieved and researchers 
have proposed many applications of such nanopore in graphene. This chapter briefly 
reviews the experimental progress on introducing nanopores into graphene. The chapter 
also reviews several experimental and theoretically studies on important applications of 
graphene nanopores. 
 
2.1 Fabrication of graphene nanopore 
Many researchers have advanced fabrication and control of precise nanopores in 
graphene membranes. Various methods have also explored how to achieve, with atomic 
scale precision, high porosity and scalable production of nanopores. It includes a heat 
treatment method to control nanopore diameter [5]. This section introduces several 
advanced methodologies. 
Electron beam nanosculpting 
Graphene nanopores were first realized by Fischbein and Drndic by irradiating a 
focused electron beam in a transmission electron microscopy (TEM) [6]. They also 
found that a nanopore was stable over time despite its extreme thinness. Additionally, 
they created dense nanopore arrays. They proved that such closely drilled nanopores 
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made no significant distortion such as folding, curling, warping, and so forth. Besides, 
a technique to minimize the damage by a focused electron beam was developed by 
using a self-repair mechanism [7].  
Ion beam irradiation 
Single nanometer-sized graphene nanopores have been successfully drilled using a 
focused electron beam in transmission electron microscopes [8, 9]. However, as such 
fabrication methods limit the wide-scale application of graphene nanopores as bio 
sensors and permeable membranes, Russo and Golovchenko developed, without the 
need of focused beams, scalable methods for multi monodisperse nanopores as well as 
single nanopore production [10].  
Figure 2.2 illustrates the graphene nanopore fabrication process proposed by Russo and 
Golovchenko [10]. Pore nucleation sites are initially created with an argon ion beam in 
suspended graphene at a low temperature where one to two carbon atoms are removed. 
Then a uniform and defocused electron beam is used to enlarge the nucleation sites and 
generate the desired size of graphene nanopore. The radius of a graphene nanopore was 
directly measured from the TEM images by integrating the intensity over azimuthal 
angles as a function of the radius from the selected pore center. The measurement 
method was verified from the simulated atomic pore models. By plotting nanopore 
growth trajectories, a linear relationship between the pore radius and the electron dose 
was found. This supported the pore formation by edge removal. From the slope, the 
edge atom displacement energy was found to be 14.1±0.1 eV, which corresponds to 
two-thirds the bulk graphite displacement energy.  
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Block copolymer lithography 
More patterned and highly arrayed holes was perforated through graphene using block 
copolymer lithography by Kim et al [11]. The cylinder-forming diblock copolymer was 
used as a template for nanopore arrays. As shown in Figure 2.3, deposited onto the 
HOPG substrate was a thin layer of silicon oxide film to improve the wettability and a 
random copolymer thin film to serve as a neutral layer. On top of the two layers, block 
copolymer layers was deposited where hexagonally arranged, vertically oriented 
PMMA cylinders were found. After exposure to UV, PMMA cylinders were selectively 
removed. Then O2 RIE followed by CHF3+O2 plasma RIE treatment resulted in the 
etching of the random copolymer layer and the oxide buffer layer. Further O2 RIE 
treatment etched the underlying HOPG layer. Finally, nanoperforated HOPG layer was 
exposed by removing the oxide buffer layer using HF solution.  
The BCP lithography method is able to efficiently produce high porosity nanopores. 
The final semiconducting electronic properties are suggested to lead the possible 
application of graphenes as thin film electronics, flexible electronics, etc. For 
applications as selective membranes, researchers should develop a method to control 
the nanopore diameter. It was suggested that dimension control would be possible by 
selecting the appropriate block copolymer templates.  
 
2.2 DNA sensing 
The most desired application field of graphene nanopores is DNA sequencing. Due to 
its one atomic thickness, which corresponds to the spacing between nucleotides, 
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researchers consider graphene nanopore as ideal material for DNA sequencing. 
Experimental DNA translocation through graphene nanopores was first reported by 
multiple research groups [9, 12, 13]. Garaj et al. measured open pore conductance 
linearly scaling with pore diameter, which was expected from the negligible pore 
resistance. On the other hand, Schneider et al. found that open pore conductance scales 
with the square of the pore diameter. The discrepancy might be due to the surface 
coating of graphene with the polymer to reduce DNA adsorption [14]. As DNA 
translocates through graphene nanopores, a reduction of current is detected. Such 
current blockade events followed the constant event charge deficit (Current reduction∙
duration = constant).  
Over the last several years, there has been an explosion of theoretical study for possible 
DNA sequencing with graphene nanopores. A molecular dynamics simulation tool is 
used to capture the DNA dynamics and current blockades during translocation through 
graphene nanopores of various diameters. The possible discrimination of A-T and G-C 
base pairs of double-stranded DNA is demonstrated at the 0.3-1.0 V of intermediate 
voltage bias and with 2.4 nm of pore radius [15]. It was later shown from atomic 
resolution Brownian dynamics that ionic current blockades can discriminate all types of 
nucleotides of single-stranded DNA [16]. However, it has also been shown that the 
ionic current blockage is sensitive to the orientation of the nucleotides in graphene 
nanopores.  
Semiclassical analysis [17] and first principle studies [18] have also been conducted to 
find a possible direction for DNA sequencing. The transverse conductance and current 
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in the parallel direction of the graphene surface were measured for possible alternatives 
to ionic current blockade methods for DNA sequencing [19]. The conductance and 
current showed the difference depended on types of nucleotides occupied in nanopores 
while they were insensitive to the orientation of nucleotides. Despite many proposed 
studies and efforts, the main challenge for future applications for DNA sequencing is 
finding the sensitivity to distinguish DNA nucleotides very similar in size and charge 
and that overcome experimental noise.  
2.3 Gas separation  
Gas separation is one of the important applications of graphene nanopores for clean 
energy technology. It has been found that a graphene nanopore is an efficient molecular 
sieve showing high selectivity and high permeability of gas molecules. From density 
functional theory calculations, high selectivity of H2 over CH4 on the order of 10
8
 has 
been observed in nitrogen-functionalized pores [20]. In hydrogen-passivated pores, 
researchers have observed even higher selectivity, on the order of 10
23
,
 
when 
rectangular pore dimension was about 0.25 nm∙0.38 nm[20]. It was concluded that the 
key parameter to separate gas molecules is the pore dimension with respect to the 
kinetic radii of gas molecules. To maximize the selectivity, researchers wanted to 
construct a pore size close to or slightly smaller than that of small gas molecules in 
mixture. Such fine tuning of pore dimension would be the main challenge to 
experimentally conduct gas separation in graphene nanopores. 
Separation of hydrogen and nitrogen has also been studied with various sizes of pore 
diameters. One hundred percent separation was achieved with pore sizes of 0.373 nm, 
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which is slightly larger than the size of hydrogen and smaller than the size of nitrogen. 
When the pore size is increased to 0.65 nm, nitrogen selectivity is detected; this is due 
to more nitrogen molecules being attracted near the graphene surface because of van 
der Waals interaction. As pore size further increased, the selectivity feature of graphene 
nanopore diminished [21]. Ab initio methods also demonstrate possible separation of 
He from other noble gases [22], 
3
He from 
4
He [23] and methane from air [24].  
Experimental test on gas separation was performed by Koenig et al. [25]. A sub 
nanometer pore was successfully introduced using ultraviolet-induced oxidative etching. 
After etching, the deflection rate changed by two orders of magnitude for H2 and CO2 
while it remained the same for Ar and CH4, indicating the increased permeation, after 
etching, of H2 and CO2. Calculated molecular transport rate of hydrogen was three 
orders of magnitude lower than theoretical simulation by Jiang et al. H2/CO2 selectivity 
was also significantly lower than the theoretical calculation (2 versus 10
17
). The source 
of the discrepancy could be the thickness difference (bilayer vs. monolayer) and 
different pore termination.   
 
2.4 Ion separation and desalination 
The idea of ion separation was first proposed, in theory, by Sint et al. [26]. Molecular 
dynamics simulation was performed on functionalized graphene nanopores with 
positively charged hydrogens (H-pore) and negatively charged nitrogens and fluorines 
(F-N-pore).  Positively charged pore edge in hydrogenated graphene nanopores 
excluded anions and selectively permeated cations by electrostatic exclusions. Similarly, 
negatively charged pore edge in F-N-pore selectively permeated anions only. To 
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achieve high selectivity, the proper dimension of the nanopore was about 0.5 nm.  
Functionalized graphene has also been studied for desalination applications [8]. 
Hydrogenated and hydroxylated graphene nanopores have been tested in salt water 
solutions with the application of external pressure drop. While serving as an effective 
barrier to larger sizes of ions with hydration shells, graphene nanopores permeated 
water efficiently. The achieved rejection rate of salt was comparable to the conventional 
reverse osmosis membrane, which ranges from 98-99%. On the other hand, water 
permeability was about two orders of magnitude higher than that of high flux reverse 
osmosis membranes. Such high water permeability was also observed in carbon 
nanotube membranes. What would be useful then, in evaluating the performance of 
graphene nanopores, would be a more comparative study on highly permeable 
graphene and carbon nanotube membranes.   
Experimentally, stacked graphene oxide (GO) layers have been tested for desalination. 
Instead of well-defined pores, water flows through the spacing between the GO 
nanosheets. The GO membrane flux was about four to ten times higher than that of 
commercial nanofiltration membranes. The rejection rate of monovalent and divalent 
salts was roughly 46-66%, which needs to be improved for portable water production 
from desalination. No correlation between the number of layers and the water flux has 
been found [27].   
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Figure 2.1. Graphene is a two dimensional building block of other allotropes. It can be 
wrapping up to form buckyballs, rolled to form carbon nanotubes, and stacked to form 
graphite. Reproduced from [2]. 
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Figure 2.2. Schematics of nanopore fabrication process consists of ion bombardment to 
create nucleation site (A-C) and defocused electron beam irradiation to open the pore 
from the nucleation site (D-E). Only edge atoms are removed by energy (80 keV) lower 
than the knock-on threshold for carbon in graphene. Reproduced from [10].  
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Figure 2.3. Schematics of block copolymer lithography method to produce highly 
dense nanopores in HOPG. Reproduced from [11]. 
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Chapter 3  
Computational Methods: Molecular Dynamics Simulation 
 
3.1 Overview of molecular dynamics simulation 
Molecular dynamics (MD) simulation tracks all molecules in the system with time by 
integrating Newton’s equation of motion. It calculates interatomic forces acting on each 
atom in the system, and integrates Newton's equations of motion to find molecular 
trajectories and coordinates of atoms as a function of time. From molecular trajectories, 
dynamic as well as static properties can be calculated to interpret simulation results[1].  
Potential energy, U, due to external field, pairwise and three body potential, etc. can be 
expressed as[2]  
 U =∑𝑢1(𝑟𝑖) +∑∑𝑢2(𝑟𝑖, 𝑟𝑗) +
𝑗>𝑖𝑖
∑∑ ∑ 𝑢3(𝑟𝑖, 𝑟𝑗 , 𝑟𝑘) + ⋯
𝑘>𝑗>𝑖𝑗>𝑖𝑖𝑖
 (3.1) 
By taking the derivate of the potential, the interatomic forces can be obtained as 
follows: 
 𝑭𝒊 = −
𝜕𝑈
𝜕𝒓𝒊
, 𝑖 = 1,2,⋯ , 𝑁 (3.2) 
where Fi is the force acting on atom i, ri is position of atom i and N is the total number 
of atoms in system. To find molecular trajectories, Newton’s equation of motion is 
numerically integrated. Newton’s equation of motion is given by  
 𝑭𝒊 = 𝑚𝑖
𝜕2𝒓𝒊
𝜕𝑡2
   𝑖 = 1,2,⋯𝑁 (3.3) 
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In Velocity Verlet scheme, the velocity and position after time Δt are obtained by  
 𝒓𝒊(𝑡 + ∆𝑡) = 𝒓𝒊(𝑡) + 𝒗𝒊(𝑡)∆𝑡 +
1
2𝑚
𝒇(𝑡)∆𝑡2 (3.4) 
and 
 𝒗𝒊(𝑡 + ∆𝑡) = 𝒗𝒊(𝑡) +
1
2𝑚
𝒇𝒊(𝑡)∆𝑡 +
1
2𝑚
𝒇𝒊(𝑡 + ∆𝑡)∆𝑡 (3.5) 
Table 3.1 summarizes the general MD algorithm[1] 
 
3.2 Interatomic potential and force field 
3.2.1 Non bonded interaction: Lennard Jones and electrostatic interaction 
Van der Waals interaction is widely expressed by Lennard-Jones (LJ) potential, which 
is pairwise and additive as follows: 
 𝑈𝐿𝐽(𝑟𝑖𝑗) = 4𝜀𝑖𝑗 ((
𝜎𝑖𝑗
𝑟𝑖𝑗
)
12
− (
𝜎𝑖𝑗
𝑟𝑖𝑗
)
6
) (3.6) 
 
where σij and εij are LJ parameters describing the depth of potential well and distance 
between atoms at which the potential is zero, respectively. Simple or shifted cutoff 
scheme can be used to save computational time in calculation of LJ potential since LJ 
potential is short range interaction. For simulation with water, typical cutoff radius is 
around 1.0 nm, also used for SPC/E water model development.  
For charged atoms, electrostatic interaction can be written as: 
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 𝑈𝑐(𝑟𝑖𝑗) =
1
4𝜋𝜀0
𝑞𝑖𝑞𝑗
𝜀𝑟𝑟𝑖𝑗
 (3.7) 
where εr and εo are vacuum permittivity and relative permittivity, respectively, and qi 
and qj are charges on atoms i and j, respectively. Since electrostatic interaction is long 
range, cut-off scheme might result in significant error in calculation of potential. 
Moreover, when periodic boundary condition is applied, calculation of entire 
electrostatic interaction causes significant computational expense.  
For efficient calculation, Ewald summation is developed where long range interaction 
is calculated in Fourier space. In Ewald summation, the total electrostatic potential is 
sum of short range potential and long range potential subtracted by self-interaction term: 
 
𝑈𝑐 =
1
2
∑
𝑞𝑖𝑞𝑗𝑒𝑟𝑓𝑐(√𝑎𝑟𝑖𝑗)
𝑟𝑖𝑗
+
1
2𝑉
∑
4𝜋
𝑘2
𝑘≠0
𝑁
𝑖≠𝑗
|𝜌(𝒌)|2 exp (−
𝑘2
4𝛼
)
− (
𝛼
𝜋
)
1/2
∑𝑞𝑖
2
𝑁
𝑖=1
 
(3.8) 
where ρ(𝐤) = ∑ 𝑞𝑖exp (𝑖𝒌 ∙ 𝒓𝑖)
𝑁
𝑖=1 . Computation time for Ewald summation is 0 (N
3
/2). 
To save the computational time for large system, Particle-particle/particle-mesh (PPPM) 
method which scales as 0(NlogN) and Fast multipole method which scales as 0(N) 
were also developed.   
3.2.2 Bonded interaction 
Bonded interaction includes bond stretching, bond angle and dihedral angle. Bond 
stretching associated with vibrations along covalent chemical bonds can be expressed 
by harmonic potential given by  
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 𝑈𝑏(𝑟𝑖𝑗) =
1
2
𝑘𝑖𝑗
𝑏 (𝑟𝑖𝑗 − 𝑏𝑖𝑗)
2 (3.9) 
where 𝑘𝑖𝑗
𝑏  is force constant that gives stiffness of bond, and 𝑏𝑖𝑗 is equilibrium bond 
length. Anharmonic bond potential such as Morse potential and cubic bond potential 
are also available. Bond angle associated with bending motion between two adjacent 
bonds is also expressed as harmonic potential given by 
 𝑈𝑎(𝜃𝑖𝑗𝑘) =
1
2
𝑘𝑖𝑗𝑘
𝜃 (𝜃𝑖𝑗𝑘 − 𝜃𝑖𝑗𝑘
0 )2 (3.10) 
where 𝑘𝑖𝑗𝑘  and 𝜃𝑖𝑗𝑘
0  are force constant and equilibrium bond angle, respectively. 
Dihedral angle associated with the torsional motion is often expressed as cosine 
function as follows: 
 𝑈𝑑(𝜙𝑖𝑗𝑘𝑙) = 𝑘𝜙(1 + 𝑐𝑜𝑠(𝑛𝜙𝑖𝑗𝑘𝑙 + 𝜙𝑠)) (3.11) 
where 𝜙𝑖𝑗𝑘𝑙 is the angle between plane containing i,j,k atoms and j,k,l atoms, 𝑘𝜙 is 
rotational force constant, n is number of maxima (or minima) in one full rotation, and 
𝜙𝑠 is angular offset. Other forms such as harmonic, combined harmonic and cosine 
functions are also available.  
  
3.2.3 Molecular models for water and ion 
Water model  
Various water models have been developed to reproduce certain physical properties or 
structure such as dielectric constants, viscosities and radial distribution function[3]. The 
reliability and reproducibility of simulation results are determined by how successfully 
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the water models predict the basic properties. Three sites models such as SPC/E[4] and 
TIP3P[5] water, four sites models such as TIP4P[6] and, and five sites models such as 
TIP5P[7] and ST2[8] are available. Water models such as SPC/E and TIPnP are rigid 
model in which fixed charges and sites does not capture the polarizability of water 
molecules. Flexible water models such as SPC/Fw[9] are available to capture the 
polarizability of water molecules with expense of computational cost.   
Some representative water properties for various water models are summarized in the 
Table 3.2. Note that calculation of physical properties might depend on the calculation 
methods. For example, viscosity of SPC/E is reported as 0.64[10] and 0.91[11] with 
PME electrostatic calculation method and reaction field method, respectively. SPC/E 
water model generally captures the transport properties such as viscosity and diffusion 
coefficient reasonably well. As shown in Figure 3.1, three sites corresponding to 
oxygen and two hydrogen atoms are interacting position of both LJ and electrostatic 
interaction. LJ parameters are assigned on oxygen atoms (σ=0.3169 nm and ε=0.6502 
kJ/mol). Charges of oxygen and hydrogen atoms are 0.4238e and -0.8476e, respectively. 
The bond length and the bond angle are 0.16 nm and 109.47°, respectively.  
Water model specific ion force field 
Recently, ion force field with use of various water models is developed by Joung and 
Cheatham for better balance between the crystal and the solution phase[12]. It is to 
resolve known issues of existing force field, that is, anomalous crystallization at low 
molar concentrations. LJ parameter is optimized to reproduce energies both in solution 
phase and crystal phase. Target experimental properties to reproduce were the hydration 
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free energies, ion-water energies and lattice constants and energies of the salt crystals. 
Developed force field with SPC/E water is summarized in the Table 3.3. LJ parameters 
between water and ion can be obtained from Lorentz-Berthelot mixing rules given by  
 𝜀𝑖𝑗 = √𝜀𝑖𝑖𝜀𝑗𝑗 (3.12) 
and 
 𝜎𝑖𝑗 =
𝜎𝑖𝑖 + 𝜎𝑗𝑗
2
 (3.13) 
Developed force field provided better agreement of ion diffusion coefficient, hydration 
free energy and radial distribution function(RDF) with reference, compared to existing 
force field[13-15]. Some properties of KCl ions with SPC/E water are summarized in 
the Table 3.4.  
 
3.3 Computation of static and dynamic properties 
3.3.1 Hydrogen-bond autocorrelation function 
We used the geometrical definition of water-water hydrogen-bond following Luzar and 
Chandler[16]. Water molecule pairs were considered to be hydrogen-bonded if the O-O 
distance is less than 0.35 nm and the angle between the O-O axis and the O-H bond is 
less than 30°. Hydrogen-bond autocorrelation function was calculated using 
 
)0(
)()0(
)(
h
thh
tc 
 
(3.14) 
where h(t) is the hydrogen-bond indicator. h(t)=1, if the pair of water molecules is 
hydrogen-bonded at time t and h(t)=0, otherwise. <h(t)> denotes average of h(t) for 
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pairs of water molecules. c(t) is calculated for the water molecules that form the single-
file chain.  
 
3.3.2 Local pressure calculation 
Local pressure is calculated using the zeroth-order approximation of the Irving-
Kirkwood expression[17]: 
 P =
1
3𝑉
〈∑𝑚𝑖[𝒗𝑖 − 𝒖] ∙ [𝒗𝑖 − 𝒖] +
1
2
∑∑𝒓𝑖𝑗 ∙ 𝑭𝑖𝑗
𝑁
𝑗≠𝑖
𝑀
𝑖
𝑀
𝑖
〉 (3.15) 
where V is the volume of the region defined to calculate the pressure; mi is the mass of 
atom i; vi is the velocity of atom i; u is the streaming velocity; rij is the distance vector 
between atoms i and j; Fij  is the force vector acting on atom i due to atom j. i denotes 
atoms in the defined region. Thus, M is the total number of atoms in the region. j 
denotes all the atoms in the simulation box. Thus, N is the total number of atoms in the 
system. Due to the periodic boundary condition, interatomic force, Fij, includes the 
force from periodic images. 
Mathematically, average over the local pressure of all the regions in the system defined 
by the same volume is same as the pressure obtained by Virial theorem[18]. We 
confirmed our pressure calculation results by comparing the averaged pressure to the 
total system pressure given by the molecular dynamics simulation 
 
3.3.3 Shear Viscosity 
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Shear viscosity can be computed from the equilibrium molecular dynamics simulation 
via the fluctuations of the off-diagonal elements of the pressure tensor, as represented 
by the Green-Kubo relation, 
 


0
0αβ0αβ d)(P)(Pμ tttt
Tk
V
B

 
(3.16) 
where Pαβ are the off-diagonal elements of the pressure tensor with α, β representing the 
x, y or z direction and V is the volume. To avoid inaccuracies coming from long time 
correlations, GK relation for the viscosity can be replaced by the Einstein relation[10, 
11],   
 )(
d
d
2
limμ 2 tG
tTk
V
B
t
 

 
(3.17) 
where tttG
t
  d)(P)( 0 αβ . To calculate the local viscosity, pressure tensor should be 
calculated locally by utilizing 
  


M
i
M
i
N
ij
ijij
i
ii
Fr
m
pp


2
1
Pαβ
 
(3.18) 
where i is an index of atom inside the bin, M is the number of atoms inside the bin, j is 
index of all atoms in the simulation box, N is the total number of atoms in the 
simulation box, and pi and mi are momentum and mass of atom i, respectively, rij and Fij 
are the distance and force between atom i and j, respectively, α and β are dimensional 
components (α,β=x,y,z).  
To calculate local viscosity in graphene nanopore, graphene pore region was defined as 
a cylindrical bin whose length is Lh (defined in chapter 4) and radius equal to the pore 
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radius. Flow was in the z-direction. Thus, suitable components of pressure tensor are 
xz=yz=zx=zy. We obtained <ΔGαβ
2
(t)> as shown in Figure 3.2. Between 2ps to 5ps, 
<ΔGαβ
2
(t)> was linearly fit to obtain the slope. From the slope of the linear fit, 
viscosity was calculated. Average and standard error of viscosity were obtained from 
the four components of viscosity. We calculated viscosity in the bulk region to check 
our calculation. We obtained a value of 0.00085 Pa∙s, which is in good agreement with 
experimental data[19]. 
3.3.4 Friction coefficient 
In an equilibrium molecular dynamics simulation, the friction coefficient, λ, can be 
obtained from the auto-correlation function (ACF) of the total force acting on the 
surface as[20], 
 tFtF
TAk
zz
B
d)0()(
1
0


 
(3.19) 
where A=2πRLp is the surface area, kB is the Boltzmann constant, T is the temperature 
and Fz is the total force acting on pore surface in the axial direction. Fz is calculated by 
summing the force acting on the edge atoms defining graphene pore. Edge atoms 
defining graphene pore are considered as the atoms whose number of bonded neighbor 
atoms is less than three since carbon atoms consisting of bulk graphene have three 
bonded neighbor atoms. Then, δ is related to λ by δ=μ/λ. ACF of the total force and the 
cumulative integration of ACF are plotted in Figure 3.3(a) and Figure 3.3 (b) 
respectively. ACF approaches to zero within 5ps. The friction coefficient was calculated 
from a constant fit on the plateau between 4 ps to 5 ps of Figure 3.3(b).   
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3.3.5 Diffusion coefficient 
According to Einsten relation, diffusion coefficient in the axial direction is given by 
 
t
ztz
D
t
z




2
)0()(
lim
2
1
 
(3.20) 
Diffusion coefficient of water molecules in the pore region was calculated by 
considering water molecules in the cylindrical bin whose length is Lh (defined in the 
chapter 4) and radius is the pore radius. Mean squared displacement (MSD) of water 
molecules inside the bin is plotted in Figure 3.4.  A linear fit was used to obtain the 
slope of the MSD plot. Then, the diffusion coefficient was calculated from the slope of 
the MSD plot.  
3.3.6 Collective diffusion coefficient 
The collective diffusion coeffiicent Dn is given by [21] 
 𝐷𝑛 =
1
2
< 𝑛2(𝑡) >
𝑡
 (3.21) 
n(t) represents the cumulative flux of water molecules. n(t) and <n
2
(t)> are plotted in 
Figure 3.5(a) and (b), respectively. Dn is calculated from the slope of the linear fit in 
Figure 3.5(b).  
 
3.3.7 Potential of mean force (PMF)  
To obtain the potential energy surface for water permeation, we calculated PMF using  
51 
 
  
z
z
zdzFzPMF
0
)()(
 
(3.22) 
where F(z) is the force acting on water molecules at location z and z0 is the reference 
position. Reference position is taken at the bulk/reservior where the mean force 
vanishes.  F(z) is averaged over all water molecules found at location z during the 
equilibrium simulation.  Integration of mean force, F(z), from z0 to z is, thus, work 
done on water molecules permeated from z0 to z.  The PMF of water for graphene and 
10 nm long CNT are plotted in Figure 3.6 (a) and (b), respectively.  
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MD algorithm 
1 Input parameters: Force field, time step, ensemble, etc… 
2 Input initial conditions: Positions and velocities of atoms in system 
 Repeat 3~6 for required time steps: 
3 Compute force on each atom based on input potential 
4 Integrate Newton’s equation of motion 
5 Undate position and velocity 
6 If necessary, write positions, velocities, energy, etc. 
Table 3.1 General MD algorithm 
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Model Dipole 
Moment 
Dielectric 
constant 
Diffusion 
coefficient 
(10
-5 
cm
2
s
-1
) 
Viscosity 
(mPa∙s) 
SPC/E 2.35[22] 71[22] 2.49[23] 0.73[24] 
TIP3P 2.35[7] 82[22] 5.19[23] 0.321[24] 
TIP4P 2.18[22] 53[22] 3.19[23] 0.494[24] 
TIP5P 2.29[7] 81.5[7] 2.62[23] 0.699[24] 
Experiment 2.95[25] 78.3[26] 2.30[27] 0.89[26] 
Table 3.2 Physical properties of various water models 
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Ion σ (Å) 
ε (
kcal
mol
) 
Li
+
 1.409 0.3367 
Na
+
 2.160 0.3526 
K
+
 2.838 0.4297 
Rb
+
 3.095 0.4451 
Cs
+
 3.601 0.08986 
F
-
 4.022 0.007401 
Cl
-
 4.830 0.01279 
Br
-
 4.902 0.02696 
I
-
 5.201 0.04278 
Table 3.3 LJ parameters of ions with SPC/E water, developed by Joung and 
Cheatham[12] 
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 K (MD) K (Reference) Cl (MD) 
Cl 
(Reference) 
Diffusion 
Coefficient 
(10
-5
 cm
2
/s) 
1.89 1.957[28] 1.66 2.032[28] 
Hydration 
radii 
(Å) 
2.74 2.798[29] 3.13 3.187[29] 
Hydration 
Free energy 
(kcal/mol) 
71 71.2[30] 89.3 89.1[30] 
Table 3.4 Ion properties with SPC/E water 
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Figure 3.1. Geometry of SPC/E water model. Reproduced from [1] 
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Figure 3.2. <ΔGαβ
2
(t)> calculated in graphene pore region. Each line indicates αβ=xz, 
yz, zx, or zy. Red dashed line is a linear fit from 2 to 5 ps. All the four components are 
used to obtain the mean and standard error of viscosity. In this case, graphene nanopore 
radius is 1.169 nm 
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Figure 3.3. (a) Auto correlation function (ACF) of the total force acting on the 
graphene pore surface and (b) cumulative integration of ACF. Friction coefficient is 
obtained from the constant fit of plateau between 4 ps and 5 ps. In this case, graphene 
nanopore radius is 1.169 nm 
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Figure 3.4. MSD of water molecules in the graphene pore. MSD is linear with time. 
The slope of the MSD was taken to calculate the diffusion coefficient.   
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Figure 3.5. (a) Cumulative flux of water molecules through the graphene nanopore. 
When a water molecule passes through the graphene nanopore from the left to the right 
reservoir, n(t) is increased by +1. When a water molecule passes through the graphene 
nanopore from the right to the left reservoir, n(t) is decreased by 1. (b) Mean squared 
displacement of n(t). n(t) is subdivided into a short time period (100 ps) and then 
square of n(t) is averaged over subdivided sections. Dashed line indicates a linear fit of 
data.  
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Figure 3.6. PMF of water along the nanotube axis with (a) graphene and (b) CNT 
  
(a) 
(b) 
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Chapter 4 
Molecular and Continuum Hydrodynamics in Graphene 
Nanopores 
 
4.1 Introduction 
Advances in fabrication, measurement and characterization have led to intense research 
in the area of nanoporous membranes. High performance membranes, that can exhibit 
superior selectivity and high flux, can find numerous applications. For example, 
efficient water filtration and desalination can reduce energy consumption, which can 
have a positive effect on both the water shortage problem [1, 2] and the growing energy 
crisis [3]. Nanoporous membranes, selecting ions or delivering biomolecules such as 
DNA, can lead to further advances in biological research and assist in the development 
of lap-on-a-chip devices or biosensors. Gas separations, including hydrogen separation, 
using nanoporous membranes can enable advances in clean energy technology [4].  
These and many other applications can benefit from advances in novel and energy 
efficient nanoporous membranes. 
Recently, carbon nanotubes (CNT) have gained significant interest as nanoporous 
membranes as have been shown to be very efficient for mass transport. It was shown 
that water flow rate through carbon nanotube (CNT) membrane is three to four orders 
of magnitude higher compared to that from the no-slip Hagen-Poiseuille’s  (HP) 
equation [5, 6]. Molecular dynamics (MD) simulations have shown a large amount of 
liquid slip at the nanotube surface, representing low frictional resistance [5, 6]. Boron 
65 
 
nitride nanotube membranes have also been shown to transport water at a high rate 
comparable to that of CNT membranes [7]. In subnanometer diameter CNTs, water 
structure very closely resembled to that of in a biological water channel in the cell 
membrane, and the flow rate and selectivity were found to be close to that of the 
biological water channel [8].  
Recently, nanometer-thin membranes were fabricated to increase the efficiency by 
reducing the frictional loss. Protein-based membranes were fabricated with membrane 
thickness ranging from 30 to 100 nm [9]. Mass flow rate through these protein-based 
membranes was reported to be approximately 1000 times higher than that through 
commercial filtration membranes [9]. Silicon-based membranes  were also fabricated 
with membrane thickness of 15 nm [10, 11]. Even though silicon-based membranes did 
not show the dominant liquid slip at the surface [11], flow rate through these 
membranes were an order of magnitude higher compared to that through thicker 
membranes made of a silica−surfactant nanocomposite [10]. Furthermore, ultrathin 
silicon-based membranes were reported to be more efficient than the  micrometer-
thick CNT membranes [11].  
Owing to its hydrophobic surface and an ultrathin thickness, nanoporous graphene 
membranes are promising candidates for various applications. Since the graphene 
membrane is only a single-atom thick, it can be considered as the thinnest membrane 
possible and hydrodynamics and frictional losses can be quite different in graphene 
membranes compared to thicker membranes. Nanopores of various diameters can be 
realized in graphene by irradiation with an electron beam [12].  Nanopores in 
graphene are known to be stable over time despite the extreme thinness of graphene 
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[13]. Due to its robustness and potential, nanoporous graphene has been used for DNA 
sequencing [13-15]. In addition, various applications such as ion and gas separation 
have also been proposed [16, 17].  
Understanding water transport mechanisms and hydrodynamic properties in 
membranes is essential to characterize and design membranes for various applications 
mentioned above. In nanopores, water transport mechanisms can differ from the 
continuum hydrodynamics description and water properties under confinement can be 
different from the bulk values. Numerous theoretical and experimental studies have 
been performed to understand structure, dynamics and transport of water confined in 
CNTs [5, 6, 18, 19] and in graphene slabs [20, 21]. However, very little is known 
regarding water transport through graphene nanopores despite their promising 
characteristics. Comparison of water transport through graphene and thin CNT 
membranes was performed [22]. However, hydrodynamic properties through graphene 
nanopores remain largely unexplored and these need to be understood in great detail to 
realize the full potential of graphene nanopores. 
In this section, we perform detailed studies to understand water transport mechanisms 
and hydrodynamic properties of water in various diameter graphene nanopores under 
external forces. First, we simulate pressure-driven flow using non-equilibrium 
molecular dynamics (NEMD) to examine pressure distribution, velocity profile and 
water transport rate. We suggest a theoretical model to describe pressure-driven water 
flow through graphene nanopores. Next, we examined interfacial water properties and 
structure.  Viscosity and slip length are calculated using both NEMD and equilibrium 
molecular dynamics (EMD) simulations. Diffusion coefficient is also calculated from 
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the EMD simulations. Due to the unique water structure in the graphene nanopore, 
viscosity and diffusion coefficient differs significantly from the bulk values. Variation 
of water properties with pore radius is observed to be different from those in CNTs. 
Finally, we also calculate the permeability of graphene and compare it to various 
results including that of CNT and silicon-based membranes. 
 
4.2. Methods 
We performed molecular dynamics (MD) simulations of water flow through graphene 
nanopores. Figure 4.1 shows the simulation setup and water-filled graphene nanopores 
of various diameters. Pore radii we considered in this work are 0.283 nm, 0.424 nm, 
0.704 nm, 0.933 nm, 1.169 nm, 1.511 nm and 1.888 nm. Pore radius is determined by 
measuring the distance from the pore axis to the location where the water density 
dropped to below 2% of bulk value. Corresponding center-to-center radii calculated by 
averaging the distance from the pore axis to the center of the carbon atoms in the pore 
edge are 0.424 nm, 0.526 nm, 0.911 nm, 1.136 nm, 1.374 nm, 1.687 nm and 2.083 nm. 
Graphene pores are generated by removing atoms whose coordinates satisfy the 
condition (x-Cx)
2
+(y-Cy)
2
<R
2
 where Cx and Cy are the x and y coordinates of the pore 
center, respectively. Pores are not passivated to remove any effect from passivating 
atoms such as charges and interaction energies.  
The carbon atoms of the graphene membrane were modeled as Lennard-Jones spheres 
with the parameters  nm and 0.2897 kJ/mol [23]. Water molecules 
were modeled using the simple point charge-extended (SPC/E) water model [24]. Both 
339.0 
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x and y dimensions of the graphene membrane (see Figure 4.1) range from about 4 nm 
to 8 nm in length depending on the pore radius to keep the porosity (pore area/total 
membrane area) constant. The z dimension of the total system is approximately 12 nm 
in length. The graphene membrane is centered separating the two water baths. The total 
number of water molecules varied from 6479 to 24046, depending on the system size. 
Periodic boundary condition was applied in all the three-directions. Nosé-Hoover 
thermostat was used to maintain the temperature at 300 K with a time constant of 0.1 ps. 
Graphene membranes were kept rigid during the simulation. Thermal motion of 
graphene showed negligible effect on results. SETTLE algorithm was used to constrain 
the angle and bond length of SPC/E water. 
Equation of motion was integrated with a 1 fs time step. The simulation box size in the 
z direction was adjusted to maintain the system pressure at 1 bar for 1ns and then an 
NVT ensemble was run for 1 ns to attain an initial equilibrium configuration. For 
pressure-driven flow simulation, an external pressure drop was applied using the 
method proposed by Zhu et al.[25] for an additional 10~20 ns after the equilibration 
run. Pressure drop was created by applying external forces on the oxygen atoms of the 
water molecules in the Δz=1 nm slab region at the end of system[22].  Applied force 
on an individual water molecule is given by, f=ΔPA/n where ΔP is the desired pressure 
drop, A is the area of the membrane and n is the total number of water molecules on 
which the external force is applied[25]. For the Green-Kubo (GK) calculations, 
equilibrium MD simulations were run for 5 ns with data sampling every 20fs. For the 
calculation of the diffusion coefficient and the collective diffusion coefficient, 
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equilibrium simulation was run for 10 ns with data sampling every 500fs. All the 
simulations were performed using Gromacs[26].   
 
4.3. Results and Discussion 
4.3 1.Water transport mechanism 
Pressure driven flow simulation via non-equilibrium molecular dynamics (NEMD) 
Using the method proposed by Zhu et al. [25], we simulate pressure-driven flow 
through graphene nanopores of various diameters. Figure 4.1 shows the simulation 
setup and water-filled graphene nanopores of various diameters. A total pressure drop, 
ΔPtotal, varying from 10 MPa to 300 MPa is applied across the graphene membrane with 
pore radius varying between 0.283 nm and 1.89 nm. Pore radius is determined by 
measuring the distance from the pore axis where the water density dropped below 2% 
of bulk value.  
The water flux is measured by counting the number of water molecules transported 
through the pore during the course of the simulation time and is shown in Figure 4.2(b). 
A linear relation between water flux and the total pressure drop is observed as shown in 
Figure 4.2(b). In classical hydrodynamics, entrance and exit pressure losses can be 
empirically determined and are given by ΔPloss=0.25ρV
2 
and 0.5ρV2, respectively, in the 
case of a sharp corner [27]. These relations do not support linear relation between water 
flux and total pressure drop. Thus, we note that the classical expressions may not 
accurately describe the entrance and exit effect of the graphene nanopore.  
The variation of the local pressure normalized by the applied total pressure drop is 
shown in Figure 4.2(a). The variation of the local pressure normalized by the applied 
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total pressure for various pressure drops is nearly identical (see Figure 4.2(a)). This 
indicates that the entrance and exit pressure loss is proportional to the applied total 
pressure drop. Thus, water flux is also proportional to the applied total pressure drop as 
shown in Figure 4.2(b). Such flow behavior can be explained by the low Reynolds 
number creeping flow predicting a linear relation between flow rate and the total 
pressure drop [28-30]. Although a high pressure drop is applied, the Reynolds number 
is of the order of 0.01~0.1 in the present study. 
Corrected Hagen-Poiseuille’s equation and hydrodynamic membrane length 
The flow domain is symmetric and we observed that du/dz=0 at the pore center (z=zc) 
where u is the velocity in the axial direction. The velocity (u) in the axial direction (z-
direction) is plotted in the supporting information and it is shown that u is constant 
along the axial direction in the pore. Assuming du/dz=0, Hagen-Poiseuille (HP) 
equation can be derived from the mass and momentum conservation equations. 
According to the HP equation modified by the slip boundary condition, fluid velocity in 
the radial direction is given by  
 𝑢(𝑟) = (−
1
4𝜇
𝑟2 +
𝑅2
4𝜇
+
𝑅
2𝜇
𝛿)
d𝑃
d𝑧
 (4.1) 
where μ is the viscosity, R is the pore radius and δ is the slip length satisfying  =
 (𝑅)
(  / 𝑟)   
. Although the graphene nanopore region is very thin, an approximately linear 
pressure drop and a near uniform velocity in the axial direction indicate that the HP 
equation can be used to obtain good insights into transport through the nanopore. 
We can check that dP/dz is constant in the pore since pressure drops linearly in the pore 
as shown in the inset of Figure 4.2(a). dP/dz is usually obtained by ΔPp/Lp, by taking 
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into account entrance and exit pressure losses, where Lp is pore length depicted in 
Figure 4.2(a), and ΔPp is pressure drop across the pore length Lp. ΔPp=ΔPtotal-ΔPloss 
where ΔPloss is pressure loss at the entrance and exit. To simply calculation of dP/dz, 
where the total applied pressure drop, ΔPtotal, is used, we define a hydrodynamic 
membrane length as, Lh=ΔPtotal/(dP/dz). Then, dP/dz can be computed as ΔPtotal/Lh. Lh is 
graphically depicted in Figure 4.2(a). We note that Lh is independent of the applied 
pressure drop or fluid velocity, but it effectively takes into account the entrance and 
exit pressure losses. Lh is obtained using a linear fit to the variation of P(z)/ΔPtotal with 
the axial direction (z) in the pore region (see inset of Figure 4.2(a)). Averaged fit is 
superimposed in the inset of Figure 4.2(a) with a solid line.  
Since Lh is a geometrical variable, it depends on the pore radius. We repeated the 
calculation of hydrodynamic length Lh for various pore radii and this is plotted in 
Figure 4.2(c). Lh increases linearly with the pore radius and it is given by the empirical 
relation 
 𝐿ℎ = 0.27𝑅 + 0.95 (4.2) 
The solid line in Figure 4.2(c) represents the relation given in Equation (4.2). For low 
Reynolds number hydrodynamics, the theory developed by Dagan et al. [28] can be 
used to derive an expression for Lh and we note that Lh depends linearly on the pore 
radius. However, Dagan’s equation is developed under the assumption of no-slip 
boundary condition where the fluid velocity is zero at the wall. Thus, Dagan’s equation 
is not directly applicable for water transport through graphene due to the slip boundary 
condition.   
By introducing Lh, Equation (4.1) can be modified as, 
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 𝑢(𝑟) = (−
1
4𝜇
𝑟2 +
𝑅2
4𝜇
+
𝑅
2𝜇
𝛿)
∆Ptotal
𝐿ℎ
 (4.3) 
The velocity profile inside the graphene nanopore due to pressure-driven flow is shown 
in Figure 4.3(c). Velocity profile is calculated by averaging the center-of-mass 
velocities of individual water molecules located in the cylindrical region centered about 
the pore axis and the length of cylinder is equal to the carbon diameter. As predicted by 
Equation (4.3), a parabolic velocity profile was observed, unlike the plug-like velocity 
profile observed in a CNT [18, 31]. The accuracy of Equation (4.3) will depend on 
water properties such as viscosity μ and slip length δ and geometrical variables such as 
the pore radius R and the hydrodynamic membrane length Lh. In the next section, we 
investigate interfacial water properties, μ and δ and determination of the pore radius R 
and length Lp of the graphene membrane. Once these parameters are determined, we 
compute the velocity profile obtained from Equation (4.3) and compare them with the 
velocity profile obtained from MD. 
 
4.3.2 Water properties and structure 
Assessment of water properties using NEMD and Green-Kubo relation 
Water transport properties such as viscosity μ and slip length δ have been obtained 
using NEMD and EMD simulations. In an NEMD simulation, liquid flow is driven by 
an external field such as gravity, pressure gradient or shear stress and liquid properties 
can be calculated by comparing the velocity profile to standard models such as 
Poiseuille’s flow [32] or Couette flow [33]. On the other hand, in an EMD simulation, 
liquid properties have been obtained by applying Green-Kubo (GK) relations [21, 34], 
which are expressed as auto-correlation functions of variables fluctuating at 
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equilibrium. In certain cases, these methods can result in inaccurate liquid properties. 
For example, in the case of liquid flow showing a large slip length, such as water flow 
through a CNT, fluid velocity profile is almost plug-like [18, 31] and viscosity obtained 
by fitting the water velocity to Poiseuille’s model can result in a significant error. 
Similarly, GK relation may not provide an accurate slip length when a large driving 
force is applied since slip length is reported to increase significantly beyond a critical 
shear rate [35]. To obtain accurate water properties, in this work, we investigate both 
NEMD and EMD simulations. 
Calculation of μ and δ using EMD simulation is described in the section 3.3. μ and δ 
are also calculated from NEMD simulations by fitting velocity profiles to Equation 
(4.3). These are compared to μ and δ obtained from the EMD simulation as shown in 
Figure 4.3(a) and 4.3(b). δ is an intrinsic property of the interface that describes the 
fluid boundary condition [36]. It also determines the amount of surface frictional shear 
stress, δ/)(μ Ruzw  , when slip occurs (uz(R)≠0). In the linear Navier boundary 
condition [37], when the shear rate is smaller than the critical shear rate [35], δ is 
constant. As shown in Figure 4.3(b), δ obtained from the NEMD simulation does not 
vary with the applied pressure drop up to 300 MPa. Also, it is in good agreement with 
δ=0.313 nm, obtained from the EMD simulation.  
Chen et al. [38] reported that the viscosity of water confined in an infinite CNT 
decreases with increasing flow rate. However, we found no conclusive evidence that 
viscosity depends on the applied pressure drop or flow rate from our NEMD 
simulations. As shown in Figure 4.3(a), μ obtained from the NEMD simulation can be 
considered to be constant (within statistical variance), which is in good agreement with 
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μ=0.00151 Pa∙s, obtained from the EMD simulation. The linear relation between water 
flux and the applied pressure drop (see Figure 4.2(b)) also implies that both the slip 
length and viscosity are constant.  
Chen et al. calculated viscosity from 𝜇 o− l  =  𝑤𝑅/(4?̅?),  where the wall shear 
stress is  𝑤 = ∆𝑃𝑅/(2𝐿) . This relation was obtained from the water flow rate, 
𝑄 = 𝜋𝑅4∆𝑃/(8𝜇𝐿), assuming no-slip boundary condition at the wall. If the slip 
boundary condition is considered, 𝜇 l  =  𝑤𝛿/(?̅?), since 𝑢(𝑅)  ?̅? for the CNT. 
Although it is possible that varying viscosity with flow rate in [38] is due to the effect 
of non-constant slip length, this needs further investigation. In prior work, constant 
water viscosities (bulk water viscosity [5, 18] or corrected viscosity for nanoscale [19, 
32, 39]) have been used to analyze liquid flow at nanoscale.    
Slip length of water in a graphene nanopore is significantly smaller compared to that of 
water in a CNT. At the water/CNT interface, slip length ranges from several hundreds 
to tens of thousands of nanometers [5, 6]. The viscosity of water confined in the 
graphene nanopore was approximately two-fold higher than the bulk viscosity. It is also 
higher compared to the viscosity of water confined in the infinite CNT [19, 40, 41]. 
Elevated viscosity and reduced slip length of water confined in the graphene nanopore 
is mainly due to the layered water structure in the flow direction and this is discussed in 
more detail below. 
Velocity profile u(r) obtained by substituting μ and δ calculated from the GK relations 
into Equation (4.3) is compared to the NEMD simulations in Figure 4.3(c). Since the 
agreement is good, we can conclude that water flow through the graphene nanopore can 
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be predicted by corrected HP equation. In the next section, the variation of viscosity 
and slip length with the pore radius is investigated.  
Variation of viscosity and slip length with radius of the graphene nanopore 
We investigated the variation of viscosity and slip length with the pore radius and these 
are shown in Figure 4.4(a) and (b), respectively. These are obtained using GK relations 
and EMD simulations. Both viscosity and slip length monotonically decrease with the 
increase in the pore radius. At the limit of infinite pore radius, the bulk viscosity is 
μbulk=0.00085 Pa∙s [42] and the corresponding slip length is δR→∞=0.205 nm. δR→∞ is 
calculated from the EMD simulation of a flat graphene nano slit whose separation 
width is 1.169 nm. This is to capture the case of R→∞. Since Cieplak et al. [36] 
reported that the slip length is independent of the separation width, it can be concluded 
that the degree of curvature mainly contributes to the variation of δ with the radius [21]. 
Variation of μ and δ with the pore radius are given by the empirical relations, 
 μ(R)=C1/R+0.00085 Pa∙s (4.4) 
and 
 δ(R)=C2/R+0.205 nm (4.5) 
where R is pore radius in nm, and C1 and C2 are the unknown coefficients. By using a 
least-squares method, C1 and C2 are determined to be 0.000847 Pa∙s∙nm and 0.1517 
nm
2
, respectively. These relations are plotted in Figure 4.4(a) and (b) as a solid line.  
Variation of water viscosity and slip length with the pore radius in the case of graphene 
is different from that of in the infinite CNT. Viscosity of water confined in the CNT 
increases with the increase in pore radius until it approaches the bulk viscosity [19, 40, 
41]. Liu and Wang [43] observed an opposite trend that viscosity of water in the CNT 
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decreases with the increase in pore radius. As mentioned in [40], this may be due to the 
fixed density they used regardless CNT radius. As confinement effect increases, water 
density changes with the decreasing CNT radius. Slip length of water confined in the 
CNT decreases with the increase in pore radius as δ~1/r3 [19], while the slip length of 
water moving outside the CNT increased with the CNT radius [44]. The increase in 
viscosity with the decrease in radius is related to the water structure, which is discussed 
in the next section. Due to the statistical inaccuracy, water viscosity and slip length are 
not measured for R=0.283 nm and R=0.424 nm.  
Density and diffusion coefficient 
Water structure in axial direction in graphene is unique and different from that of CNT 
interior. Layered water structure near a solid surface has been investigated theoretically 
[45, 46] as well as experimentally [47-49]. Layered water structure, described by 
density oscillations in the radial direction, at the surface of the CNT was reported by 
various authors [18, 38, 40]. In the case of graphene nanopore, similar water layering in 
the radial direction is observed. However, more importantly, it appears that water 
molecules are also layered in the flow direction (z-direction) as shown in Figure 4.5(a). 
Figure 4.5(a) indicates that the degree of density fluctuation increases as the radius of 
the graphene nanopore decreases. This is due to the increasing influence of graphene 
atoms on the water molecules.  As the pore radius decreases, an increasing fraction of 
the water molecules are within a distance where the Van der Waals interaction between 
the graphene atoms and the water molecules is significant.  
The location of the major density peak is unchanged until the radius is reduced to 0.283 
nm (see Figure 4.5(a) and (b)). In the 0.283 nm radius graphene nanopore, nanopore is 
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wide enough only for a single water molecule to pass through the pore. Thus, the water 
molecule forms the one dimensional hydrogen bonding with neighboring water 
molecules. Energetically favorable water positions exist just outside of the graphene 
membrane [22]. Small density peaks near the membrane in Figure 4.5(b) indicate the 
favorable positions. Accordingly, the location of the major density peak is moved by 
0.1 nm away from the graphene membrane.  
To quantify the water layering effect, we defined the water layering factor as WL= max-
ρmin)/ρbulk where ρmax and ρmin are the maximum and minimum density near the surface. 
Water layering factor, WL, decreases and approaches zero as the pore radius increases. 
We show that viscosity is related to the water layering effect by noting that viscosity 
increases linearly with the layering factor, WL. This is shown in Figure 4.5(c). Using 
linear extrapolation, we also note in Figure 4.5(c) that water viscosity approaches the 
bulk viscosity as WL approaches zero. One plausible explanation for the increase in 
water viscosity with the increase in water layering factor is due to the low diffusion of 
water in the layered structure in axial direction. It should be noted that the water 
confined in the CNT [18, 19] or in a nano slab configuration [50, 51] does not 
experience the water layering effect in the flow direction as in the case of the graphene 
nanopore. Thus, the magnitude of viscosity or the variation of viscosity with pore 
radius is not consistent with studies on other nanopores.  
We calculated the diffusion coefficient in the axial direction to understand the effect of 
the layered water structure on the water movement. Diffusion coefficient in the 
graphene nanopore is lower than the bulk diffusion coefficient, Dz=2.69ⅹ10
-9
 m
2
/s 
[52]. As shown in Figure 4.5(d), diffusion coefficient decreases with the decrease in the 
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pore radius. This indicates that diffusion coefficient decreases as the effect of water 
layering in axial in the axial direction increases. Water immobilization at a critical pore 
radius, such as the ice-like structure in CNT [52], is not observed. Water diffusion 
coefficient for R=0.283 is comparable to that for R=0.424 nm. In the R=0.283 nm case, 
single file water molecules [8, 22] are observed. In this case, water molecules are 
highly correlated and diffusion coefficient does not necessarily follow the trend 
observed for larger pores.  
 
4.3.3 Permeability of graphene nanopore 
Comparison to theoretical predictions by corrected HP equation, collective 
diffusion and no-slip hydrodynamics  
Permeation coefficient is defined as pQ=Q/ΔP, where Q is the volumetric flow rate and 
ΔP is the applied pressure drop. A higher pQ indicates a more energy-efficient 
membrane that delivers more water for a given pressure drop. pQ can be directly 
determined from the NEMD simulation by a linear fitting of Q (or water flux) vs. ΔP 
relation (see Figure 4.2(b)). The permeation coefficient corresponding to graphene 
nanopores of various diameters is shown in Figure 4.6(a).  
Permeation coefficient can also be theoretically predicted from the corrected HP 
relation. By integrating u(r) given by Equation (4.3), Q can be determined as  
 
hL
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Q
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(4.6) 
Thus, 
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By substituting the empirical relations for μ(R), δ(R) and Lh(R) (Equations (4.2), (4.4) 
and (4.5)) obtained in this study, we calculated pQ(R). This is compared to the 
permeation coefficient obtained from the NEMD simulation in Figure 4.6(a). They are 
in good agreement when the graphene pore radius is approximately larger than 0.484 
nm. 
pQ calculated from no-slip hydrodynamics is also shown in Figure 4.6(a). No-slip 
hydrodynamics at low Reynolds number is derived by Dagan et al. [28] for flow 
through a circular pore. We substituted a graphene pore length of, Lp=0.5354 nm into 
Dagan’s equation,   
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(4.8) 
Hydrodynamics through ultrathin hydrophilic membranes, such as porous 
nanocrystalline silicon (Pnc-si) membranes, have been shown to be in good agreement 
with Dagan’s equation [11]. Enhancement of volumetric flow rate over no-slip 
hydrodynamics approximately ranges from three to five for R=0.5 nm~2 nm. This large 
enhancement over no-slip hydrodynamics is due to the slip at the surface representing 
advantages of hydrophobic surface of graphene pore.  
Additionally, we also estimated the permeation coefficient using the collective 
diffusion theory [53].  According to the collective diffusion theory,  
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(4.9) 
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where VW is the molar water volume, NA is Avogadro’s number and Dn is the collective 
diffusion coefficient. Dn is an equilibrium property that depends on the pore radius. 
EMD simulations are performed to determine Dn for each graphene nanopore. We 
calculated Dn from the mean squared displacement (MSD) of the equilibrium flux of n(t) 
(see section 3.3). In graphene nanopores, when the radius is smaller than 0.484 nm, the 
collective diffusion theory gives better approximation compared to the corrected HP 
relation (see Figure 4.6(a)). In such small nanopores, single-file water molecules [8, 22] 
are observed and water-water correlation is an important factor for water transport. 
However, corrected HP relation gives better agreement compared to the collective 
diffusion theory as the pore radius increases. This indicates that water transport 
mechanism transitions from collective diffusion to frictional flow described by the 
corrected HP relation. 
Comparison to micrometer-thick CNT membranes and nanometer-thick silicon 
membrane 
Assuming that the expressions presented above for the permeation coefficient for 
graphene nanopores are also valid when the pore radius is larger than 2 nm, we 
compare the permeability of graphene membranes to the reported values on CNT-based 
membranes [5, 6, 54] and ultrathin silicon-based membranes [11]. Various 
experimental data are compared in Figure 4.6(b). The CNT membranes are fabricated 
with lengths ranging from micrometers to millimeters. Silicon-based membranes are 
fabricated as thin as 15 nm. Some of experimental data reported the permeability based 
on the membrane area [11, 54], i.e., pQ=Qtotal/(ΔP∙Am) where Qtotal is the total water 
flow rate through the membrane and Am is the membrane area. For direct comparison, 
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these experimental data are converted to pQ as defined in our study (volumetric water 
flow per pore/total applied pressure).  
Water permeability of the graphene membrane is approximately two to five-fold higher 
compared to that of the CNT membranes when pore radius is larger than 3 nm. Due to 
the large variation in experimental data of the CNT for R=0.83 nm, it is unclear 
whether permeability of graphene is higher than that of the CNT for that radius. 
However, it is clear, according to [22], that permeability of graphene is smaller than 
that of CNT for extremely small radius. Data reported by Qin et al. [55] show different 
results. They measured permeability of the CNT membrane with Rcc=0.41 nm~0.79 nm. 
Their permeability values are three to four orders of magnitude lower compared to the 
graphene membrane. However, their permeability values are also significantly smaller 
than other CNT membrane data. Enhancement factor for CNT with Rcc=0.79 nm is 51 
by Qin et al. [55] while that for CNT with a similar radius (Rcc=0.83 nm) is 433 by 
Thomas et al. [19], 560~9600 by Holt et al. [5], and 2052 by Joseph et al. [18]. Qin et 
al. [55] measured the driving force from the chemical potential difference between the 
bulk water and water inside the CNT at equilibrium using EMD simulation. Thus, data 
reported by Qin et al. may not be comparable to the pressure driven or gravity driven 
water flow since no external driving force is given.  
We also compared the permeability of the graphene membrane to that of the 
nanometer-thin Pnc-si membranes [11] in Figure 4.6(b). Pnc-si membranes also have 
high permeability compared to the commercial ultrafiltration membranes or other  
types of membranes [11] since the nanometer-thin membrane length reduces frictional 
losses. Permeability of the graphene membrane is approximately four to five-fold 
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higher compared to that of the Pnc-si membrane. Hydrophobic nature of the graphene 
surface as well as shorter membrane length contributes to the enhanced permeability of 
the graphene membrane over the hydrophilic Pnc-si membranes.    
 
4.3.4 Thermal motion of graphene membrane 
We investigated effect of the thermal motion of the graphene membranes on our results. 
The AIREBO potential was used for the graphene membrane. Temperature of the 
graphene membrane and water were maintained at 300 K using Nosé-Hoover 
thermostat. Edge atoms of the graphene membrane were tethered to a fixed lattice site 
by a harmonic spring (spring constant, k=1kcal/mol) to prevent drift of the 
membrane[56]. Equilibrium and non-equilibrium simulation with pressure drop of 10 
MPa and 300 MPa were performed. Pore structures were stable in all simulations (see 
Figure 4.8 and Figure 4.9). The velocity profile and density profile show negligible 
effect of thermal motion of graphene (see Figure 4.10 and Figure 4.11) 
4.3.5 Definition of pore radius and length  
Calculation of μ and δ can be sensitive to the small change in pore radius R and pore 
length Lp. In addition, calculation of flow enhancement[5], used to characterize the 
efficiency of membranes, also depends sensitively on the definition of the pore 
radius[19]. Thus, a proper and consistent definition of the pore radius and length is 
necessary. At nanoscale, pore radius and length have been defined using various ways. 
Thomas and McGaughey[19] defined the CNT pore diameter as the distance between 
atomic centers of carbon consisting of CNT (Dcc). Thus, radius of the carbon atom is 
not considered in determining the pore diameter. Falk et al.[21] defined the pore 
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diameter by subtracting σcc from Dcc where σcc is the Lennard-Jones (LJ) parameter 
representing diameter of carbon. Joseph and Aluru[18] defined the pore diameter by 
subtracting 2σcc from Dcc. In this case, diameter is the distance between water density 
peaks near the surface. The various definitions we used are listed in Table 4.1 
graphically depicted with the water density plot in Figure 4.12 
We calculated the slip length and viscosity using each definition given in Table 4.1. 
The results are shown in Table 4.2. The shape and value of the velocity profile is 
determined by the values of the viscosity and slip length. To find the most suitable 
definition of the pore radius and length, we calculated the velocity profile using the 
corrected Hagen-Poiseuille’s  equation for each definition of the pore radius and 
length and compared the result to the molecular dynamics simulation. The comparison 
of the velocity profiles is shown in Figure 4.13. Based on these results, definition #3, 
where the pore radius and length are defined based on the location when the water 
density drops to below 2% gives the best match to molecular dynamics results. In this 
definition, the pore length Lp is determined to be 0.535 nm, which is slightly larger than 
σcc, representing the carbon diameter.  
4.4 Conclusions 
Hydrodynamics through graphene nanopores can be different from nanopores in thicker 
or longer membranes. Due to the nanometer dimension of the pore, Reynolds number 
for pressure-driven water flow through graphene nanopores is very small and a linear 
relation between flow rate and applied pressure drop is observed. Hydrodynamic 
membrane length is introduced to effectively capture entrance and exit pressure losses. 
Hydrodynamic membrane length is independent of the applied pressure gradient or 
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fluid velocity, but varies linearly with the pore radius. Water viscosity and slip length 
decrease with the increase in pore radius due to the water layering effect in the flow 
direction. Velocity profile and permeation coefficient obtained with the corrected HP 
equation are found to be in good agreement with molecular simulations. For the small 
radius pore, where water-water correlation is important, collective diffusion mechanism 
predicts permeability of graphene quite well. Depending on the pore radius or length, 
permeability of the graphene nanopore can be either comparable or higher than that of a 
micrometer-thick CNT membrane. In addition, the permeation coefficient of the 
graphene nanopore is four to six-fold higher compared to that of nanometer-thick 
silicon membranes, suggesting that the graphene membrane is a promising candidate 
for various applications.  
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Definition 
No. 
Lpore Dpore 
1 𝜎𝑜𝑐=0.328 𝐷𝑐𝑐 − 𝜎𝑜𝑐=2.421 
2 𝜎𝑐𝑐=0.339 𝐷𝑐𝑐 − 𝜎𝑐𝑐=2.410 
3 𝑙𝑑𝑒𝑛𝑠𝑖𝑡 =0.535 𝐷𝑑𝑒𝑛𝑠𝑖𝑡 =2.338 
4 2𝜎𝑜𝑐 = 0.656 𝐷𝑐𝑐 − 2𝜎𝑜𝑐=2.093 
5 2𝜎𝑐𝑐=0.678 𝐷𝑐𝑐 − 2𝜎𝑐𝑐=2.071 
 
Table 4.1. Various definitions of pore length and diameter. 𝐷𝑐𝑐 is the averaged diameter based 
on the center of carbon atoms (center-to-center diameter) . σcc and σoc are the Lennard Jones 
parameters of carbon-carbon interaction and water-carbon interaction, respectively. ldensity and 
Ddensity are based on the location where the water density drops to below 2% of the bulk density 
as shown in Figure S4. Values for Dpore are shown for the case 𝐷𝑐𝑐=2.75 nm.  
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Table 4.2. Viscosity and slip length calculated from the Green-Kubo relation. 
 
  
Definition No. Visocisty (Pa∙s) Slip length(nm) 
1 0.00147 0.196 
2 0.00148 0.203 
3 0.00151 0.337 
4 0.00148 0.381 
5 0.00147 0.384 
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Figure 4.1. Visualization of water molecules permeating through graphene nanopores 
of various radii. Graphene membranes are shown in blue. Water molecules are 
described by red (oxygen) and white (hydrogen) spheres. Pore radii are R=0.424 nm 
(left top) R=0.933 nm (left bottom) and R=1.51 nm (right)  
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Figure 4.2. (a) Pressure distribution normalized by the total applied pressure drop 
along the flow direction. The three different symbols indicate total applied pressure 
drops of 100MPa, 200MPa and 300MPa. Normalized pressure distributions are close to 
each other and are represented by a solid line. Graphene pore length (Lp) and 
hydrodynamic membrane length (Lh) are graphically depicted. Lp=0.54 nm and 
Lh=1.25 nm for pore radius of 1.169 nm. (Inset) Closer view of linear pressure 
distribution inside the pore. (b) Water flux through various radii graphene nanopores. 
Water flux is linear with applied pressure drop. (c) Variation of the hydrodynamic 
membrane length with graphene pore radius. Hydrodynamic membrane length 
increases linearly with the pore radius. Solid line is a linear fit of the data.  
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Figure 4.3. Averaged water velocity in the axial direction. Velocity is averaged over 
water molecules found inside the cylindrical bin whose radius corresponds to pore 
radius. In this case, pore radius, R=1.89 nm.  
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Figure 4.4. (a) Viscosity and (b) slip length calculated using NEMD simulations and 
Green-Kubo (GK) relation. (c) Comparison of velocity profiles from NEMD 
simulations and corrected HP equation with water properties obtained from the GK 
relation. In NEMD simulation, velocity profile is calculated by averaging the center-of-
mass velocities of individual water molecules located in the cylindrical region centered 
about the pore axis and the length of cylinder is equal to the carbon diameter. Each line 
and squared symbol profile represents a different pressure drop, ΔP=10MPa, 50MPa, 
100MPa, 200MPa and 300MPa. Data is obtained for R=1.169 nm pore.  
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Figure 4.5. (a) Viscosity and (b) slip length obtained using GK relations. Solid lines 
are empirical fits given by equation (4) and equation (5). Dashed lines indicate 
viscosity and slip length when the radius of the pore approaches infinity. 
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Figure 4.6. Water density in the axial direction for (a) radius varying from R=0.704 nm 
to R=1.89 nm and (b) R=0.283 nm, R=0.424 nm. z is the axial direction and the 
graphene membrane is located at z=6 nm. (c) Relation between water viscosity and 
water layering factor. A linear fit is shown by the solid line. (d) Variation of the axial 
diffusion coefficient with pore radius. 
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Figure 4.7. (a) Permeation coefficients of graphene membranes from NEMD 
simulations are compared to the theoretical predictions by collective diffusion[53], 
corrected HP equation (this work) and no-slip hydrodynamics[28]. Corrected HP 
relation describes permeation coefficient very well for R>0.5 nm. (b) Theoretically 
predicted permeation coefficient of graphene membranes by corrected HP relation is 
compared to the experimental data of CNT membranes[5, 6, 54, 57] and silicon 
membranes[11]. Some of experimental data reported the permeability based on the 
membrane area[6, 11, 57], i.e., pQ=Qtotal/(ΔP∙Am) where Qtotal is the total water flow 
rate through the membrane and Am is the membrane area. For direct comparison, these 
experimental data are converted to pQ as defined in our study (volumetric water flow 
per pore/total applied pressure). 
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Figure 4.8. Random snapshot of pore structure during equilibrium simulation. 
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Figure 4.9. Random snapshot of pore structure during non-equilibrium simulation. 
Pressure drop of 10 MPa (left) and 300MPa (right) are applied.  
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Figure 4.10. Velocity profile with the pressure drop of 10 MPa (left) and 300MPa 
(right). Under both low pressure drop and high pressure drop, there is no significant 
difference between fixed graphene (frozen graphene) and graphene with thermal 
motion (300K graphene). 
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Figure 4.11. Density profile along axial direction in equilibrium simulation. Fixed 
graphene (frozen graphene) is compared to the graphene with thermal motion (300K 
graphene). Thermal motion of the graphene has negligible effect on the water structure 
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Figure 4.12. (a) Water density near the graphene surface. Δz is the distance from the center of 
carbon atoms consisting of graphene (see top left snapshot). Each vertical line indicates half of 
the graphene membrane length/thickness as defined in Table S1. (b) Water density inside the 
graphene nanopore in the radial direction. r is the radial distance from the pore center. (see top 
right snapshot) Each vertical line indicates the radius of the graphene pore as defined in Table 
4.1. In this example, 𝐷𝑐𝑐=2.75 nm. 
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Figure 4.13. Axial velocity profile of water. Velocity of water is averaged inside the pore 
region (Δz=0.34 nm) in the case of molecular dynamics simulation. Each line is the result from 
corrected Hagen-Poiseuille’s equation according to definition of pore radius and length. (1)~(5) 
represent the various definitions of pore radius and length (see Table 4.1 and Table 4.2)  
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Chapter 5  
Water flow through graphene nanopores and carbon 
nanotubes 
5.1. Introduction  
The previous chapter compared water permeability of graphene membrane and carbon 
nanotube membrane. It was concluded that the water permeability of graphene 
membrane is, depending on the pore radius and length, either comparable to or higher 
than that of carbon nanotube membrane. Due to the large variation in experimental data, 
we were unable to reach a more specific conclusion. Also, due to the lack of 
experimental data for small pore radii, we were unable to compare in the collective 
diffusion regime. This chapter compares, using molecular dynamics simulation, the 
water permeability of graphene to that of carbon nanotube membrane, covering a large 
range of pore radii.  
Additionally, our work for water transport through the graphene nanopore will be 
extended to investigation of entrance and exit effect of water flow through the CNT. In 
previous studies, the entrance and exit effect have been neglected. In theoretical studies, 
infinite CNT was used to measure hydrodynamic properties at interior of the CNT [1] 
and flow rate was measured under periodic boundary condition without the entrance 
and exit of the CNT [1, 2]. In experimental studies, flow rate is analyzed without 
considering the entrance and exit pressure loss [3, 4]. As the length of the pore 
increases, the entrance and exit effect will be decreased and will become negligible. 
However, in the case of the CNT where frictional resistance is very small, the entrance 
and exit effect is expected to be relatively large compared to the hydrophilic pores. 
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Nonetheless, the criteria for the CNT length where the entrance and exit effect becomes 
negligible are unclear. Thus, investigation on effect of the entrance and exit on various 
lengths of the CNT will help to establish the criteria. Furthermore, it will provide 
accurate prediction and analysis of flow rate through thin CNT membranes as many 
researches to reduce the membrane length are in progress 
5.2. Methods 
Graphene membrane with nanopore was modeled as shown in Figure 5.1(a). Various 
diameters of nanopores ranging from 0.75 nm to 2.75 nm were tested. Similarly, carbon 
nanotubes with diameters ranging from (10,0) CNT to (20,20) CNT were considered. 
CNT membranes were modeled with thicknesses or lengths varying from 2 nm to 10 
nm and graphene slabs attached to them at the ends[5]. Edge dynamics[6], partial 
charges[7], or out-of-plane displacement[8] of graphene were excluded in this study to 
understand the effect of thickness of one-atom thin graphene membrane on water flow 
rate. Simulation set up with graphene membrane is as described in Figure 5.1(b). 6 nm 
water baths were included on each side of the membrane. Simulation set up with carbon 
nanotube membranes is same as in Figure 5.1(b) except that the graphene membrane is 
replaced with carbon nanotube membrane. Pressure-driven flow was simulated by 
applying 100 MPa pressure drop across the pore (see methods section for details) and 
water flux was calculated by counting the net amount of water molecules transported 
through the pore.  
Temperature was maintained at 300 K by using the Nosé-Hoover thermostat with a 
time constant of 0.1 ps. Periodic boundary condition was applied in all the three-
directions. A simple point charge-extended (SPC/E) model was used for water. 
105 
 
Lennard-Jones parameters for carbon atoms were 339.0  nm and  0.2897 
kJ/mol[9]. The total number of water molecules varied from 6479 to 14974, depending 
on the system size.  Carbon atoms are frozen to their lattice position to prevent out-of-
plane displacement. The simulation box size in the z direction was allowed to fluctuate 
for 500 ps to adjust the pressure at 1 bar and then switched to NVT ensemble and run 
for 1 ns to attain equilibrium. In all cases, equilibrium density of bulk water reservoir is 
around 1 g/cc. After equilibration, simulation is run for an additional10~20 ns, 
depending on the pore diameter, with applied pressure drop using the methods 
described below.   
When water molecules are within a designated region (shaded region in Figure 5.1(b)), 
external forces are applied on the oxygen atoms of the water molecules to create 
pressure drop across the membrane[10]. Applied force on an individual water molecule 
is given by, f=ΔPA/n where ΔP is the desired pressure drop, A is the area of the 
membrane and n is the total number of water molecules in the designated region. Many 
authors used this method for pressure driven flow[5, 11-13]. However, this method 
should be used with care in order to obtain the desired pressure drop since it is valid if 
the designated region is in the stationary state.  From the local pressure calculation, 
we validated this method by obtaining the desired pressure drop in case where enough 
number of molecules are within the designated region and streaming velocity in that 
region is close to zero. Other methods for pressure-driven flow are also available for 
non-periodic system[14] or periodic system[15] .  
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5.3. Results and Discussion 
5.3.1 Graphene vs. 2-10 nm thick CNT membrane 
Figure 5.2 shows the comparison of water flux through graphene and CNT membranes. 
The thickness of the CNT membrane is varied from 2 nm to 10 nm in 2 nm increments. 
In Figure 5.2(a), water flux through the (10,0) CNT (diameter, d=0.78 nm) is compared 
with the water flux through the 0.75 nm diameter pore graphene membrane. Similarly 
in Figure 5.2(b), water flux through the (20,20) CNT (d=2.71 nm) is compared with 
that of the 2.75 nm diameter pore graphene membrane. Pore diameter and membrane 
thickness is calculated using the center-to-center distance of atoms. We note that in 
Figure 5.2(a) and Figure 5.2(b), water flux through the carbon nanotube membrane did 
not change significantly with the membrane thickness. In the smaller diameter case, 
water flux in the graphene membrane is lower, while in the larger diameter case, water 
flux in the graphene membrane is higher compared to the CNT membrane. These 
results indicate that pore diameter is critical in determining whether graphene 
membrane can transport higher flux compared to the CNT membrane. Since the pore 
diameter is slightly different in CNT and graphene membranes, one-atom thick CNT 
membrane, containing only one CNT rim, was also tested. The water flux in the (10,0) 
CNT with one-atom thickness  (13.4±1.2 ns
-1
 ) is lower compared to the finite 
thickness (10,0) CNT (16.1±1.9 ns
-1)
. Similarly, the water flux in the (20,20) CNT with 
one-atom thickness  (2790.44±87.12 ns
-1
) is higher compared to the finite thickness 
(20,20) CNT (2535±49.82 ns
-1
). We also tested pores of different diameters ranging 
from 0.75 nm to 2.75 nm and found that the water flux is lower in the graphene 
membrane only in the case of 0.75 nm, where single file water structure was observed. 
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In all other cases, water flux in the graphene membrane is higher compared to the CNT 
membrane.  
5.3.2 Single-file flow dynamics 
In the 0.78 nm diameter CNT membrane, water molecules form single file[16], and are 
transported by hopping mechanism[17] (see Figure 5.3). The water binding sites form a 
single file structure and with increased length of the CNT, the number of water binding 
sites, N, is also increased. Regardless of the number of water binding sites, N, in the 
case of single-file structure, the water flux is invariant[18, 19]. In the case of graphene 
membrane, water molecules also formed a single file structure with two binding sites 
(see Figure 5.4(a)).  The binding sites are shown by two concentration peaks near the 
graphene membrane, between bulk water and graphene (see Figure 5.4(b)). Note that 
such concentration peaks (the two small peaks just outside the membrane) are not 
observed in the case of CNT. Although the water transport mechanism is single-file in 
both cases, the water flux is lower in the graphene membrane and this is investigated in 
more detail below. 
For single-file water transport, dipole orientation and hydrogen-bonding network play 
an important role. We calculated the dipole orientation of water molecules that formed 
the single file chain in the membrane. Dipole orientation is defined as the angle 
between the water dipole vector and the tube axis and is averaged over all the water 
molecules in the membrane. In the CNT membrane case, the dipole orientation is either 
34° or 146° with a small deviation and this is maintained over a time period of a few ns. 
However, the dipole orientation flipped frequently in the graphene membrane as shown 
in Figure 5.4(c). This high flipping frequency of the dipole orientation indicates that the 
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hydrogen-bonding breaks frequently (see Figure5.5). Hydrogen bonding should be 
broken instantaneously for water dipole orientation to be flipped. 
In the case of CNT membrane, a dipole orientation of 90°, also referred to as L defect 
or D defect[20], is rarely found. However, dipole orientation of 90° is frequently 
observed in the graphene membrane (see Figure 5.6). The presence of defects (or 90° 
dipole orientation) has been shown to slow down water transport since it requires water 
reorientation[20, 21].   
For a more detailed understanding of hydrogen-bonding dynamics, we calculated the 
hydrogen-bonding autocorrelation function (HBACF), c(t), of water molecules forming 
the single-file chain (see Figure 5.4(d)). c(t) is the probability of hydrogen-bonded 
water molecules at time 0 to be hydrogen-bonded at time t. Thus, c(t) measures how 
fast hydrogen-bonding is relaxed. Faster decrease of c(t) in graphene membrane 
suggests that the hydrogen-bonding is relatively weak and breaks frequently. Thus, 
frequent breaking of hydrogen-bonding combined with the 90° (or defect-like) water 
dipole orientation contributes to low water transport through the graphene membrane. 
Even though we applied a pressure drop of 100 MPa, water configuration including 
single-file formation and the hydrogen bonding dynamics in equilibrium are not 
significantly different from what is reported here.  
5.3.3 Non single file flow dynamics  
Negligible variation of water flux with CNT length in small diameter CNT is reported 
by other researchers[18, 19], and it is attributed to the confinement of water molecules.  
In the larger 2.71 nm diameter CNT investigated here, we observed that the variation of 
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water flux with length is still negligible. To understand the transport behavior in larger 
diameter pore, we calculated the pressure distribution using the Irving-Kirkwood stress 
tensor and the variation of pressure along the length of the membrane is shown in 
Figure 5.7(a). The pressure difference between the two bulk regions matches well with 
the target pressure difference of ΔP=100 MPa. Even though the pressure difference 
matched well in all the simulation cases, the absolute value of the pressure was slightly 
different in each case. These values were adjusted to match at the inlet bulk region for 
comparison purpose as shown in Figure 5.7(a). In contrast to continuum 
hydrodynamics, where the pressure drops linearly along the pore, most of the pressure 
dropped in the inlet and outlet regions and pressure drop inside the pore was negligible. 
Only about 1~4% pressure drop was observed inside the membrane. This is unique to 
the transport behavior of water through finite length CNT as Huang et al. observed 
linear pressure variation for liquid argon flow through an artificial nanopore[14]. Our 
results confirmed the linear pressure variation with liquid argon. We also observed 
linear pressure variation for water transport through infinite nanotube (without entrance 
and exit regions).  
Negligible variation of pressure inside the CNT suggests that frictional force is 
negligible and entrance effect is dominant. This explains the insignificant effect of CNT 
membrane thickness on the water flux. This is different from the theoretical description 
such as no-slip Hagen-Poiseuille (HP) equation derived with linear pressure drop across 
the tube. The smoothness of the CNT surface and weak CNT-water interaction, namely 
hydrophobic interaction, can contribute to negligible friction of CNT surface due to the 
free “OH” bond found in the depletion layer[2]. It should be noted that water flux can 
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depend on the length of the membrane in thicker membranes where entrance effect is 
not dominant[22].  
The pressure distribution computed above supports the hypothesis that water molecules 
in thin CNT membranes are transported by collective diffusion[23] or extremely low 
frictional flow rather than classical viscous flow (no-slip Hagen-Poiseuille flow). The 
axial velocity profile in the radial direction also supports this transport mechanism. In 
the center region of CNT, the velocity distribution is found to be flat (see Figure 5.7(b)). 
In the case of graphene membrane, inlet and outlet regions overlap. Therefore, the 
pressure drop appears as a single pressure drop across the membrane. Velocity profile 
in the graphene membrane was more parabolic with higher velocity at the center. Even 
though the water velocity away from the center region (near the wall) is smaller than 
that of in the CNT, its contribution to mass flux is also small because of the low density 
in that region. Thus, higher water flux in the graphene membrane can be attributed to 
the higher velocity in the center region of the graphene membrane.  
We also investigated the water transport through graphene by computing the energetics 
of water permeation. It is well-known that the entrance effect plays an important role in 
water transport through CNT[24]. The energy barrier at the entrance can be estimated 
by computing the potential of mean force (PMF) of water. From our equilibrium PMF 
calculation, representing the potential energy surface along the pore axis, we observed 
that the energy barrier is dominant at the CNT mouth and no significant energy barrier 
was found inside the CNT membrane. The energy barrier for graphene membrane was 
lower than that of the CNT membrane (0.32 kT for graphene and 0.423 kT for CNT), 
suggesting that the water molecules more easily enter the graphene membrane. Since 
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energy barrier comes from reduced interaction energies, directly connected water baths 
can be the source of lower energy barrier in graphene membrane by creating more bulk-
like environment. In the results shown here, we have considered CNT membranes with 
thickness/length varying from 2 nm to 10 nm in 2nm increments. Systematically 
decreasing the length/thickness of the CNT membrane to sub-nanometer scale can 
provide additional physical insights.  
5.3.4 Modeling water flow in CNT  
In previous section, we observed that velocity profile in graphene nanopore was more 
parabolic, compared to the plug-like velocity profile found in infinite CNT. Similarly, 
we found that water velocity profile was parabolic at the CNT mouth and it changed to 
plug-like at the CNT interior. The change of velocity profile in CNT is shown in Figure 
5.8. The opposite phenomenon is expected based on the classical hydrodynamics. The 
velocity profile changes from plug-like to parabolic toward the interior of the circular 
channel as boundary layer develops.  Thus, the phenomenon observed in the CNT is 
irrelevant with the development of boundary layer and it can be due to the change of 
hydrodynamic properties at the entrance and at the interior. Similar to the graphene 
nanopore, water viscosity and slip length can be higher and lower, respectively, at the 
CNT entrance region, compared to that of the CNT interior. As frictional resistance 
changes at the entrance/exit and at the interior, pressure drop can be adjusted 
accordingly to generate constant mass flow rate.  
This scenario can be modeled with HP equation and circuit analogy. In the circuit 
analogy, pressure is equivalent to voltage and flow rate to current. Resistance can be 
obtained from the HP equation. Entrance resistance, interior/exit resistance can be 
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modeled as serial connection. Thus,  
 𝑄 =
1
𝑅𝑒𝑛𝑡𝑟𝑎𝑛𝑐𝑒/𝑒𝑥𝑖𝑡 + 𝑅𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟
∆𝑃 (5.1) 
where R is resistance. R can be obtained from corrected HP equation given by 
  𝑅𝑥 = 𝑟𝑥𝐿𝑥 
(5.2) 
and 
 𝑟𝑥 =
8𝜇𝑥
𝜋(𝑅4 + 4𝑅3𝛿𝑥)
 (5.3) 
where x denotes entrance/exit or interior, r is resistance per unit length and L is length. 
Thus, permeation coefficient can be obtained by 
 
𝑝𝑄 =
𝑄
∆𝑃
=
1
𝑟𝑒𝐿𝑒 + 𝑟𝑖(𝐿𝑡𝑜𝑡 − 𝐿𝑒)
 
 
(5.4) 
where subscript e denotes entrance/exit and i denotes interior. Ltot is total effective 
membrane thickness given by, 
 Ltot=Lcc+Lh 
(5.5) 
where Lcc is atomic center-to-center length and Lh is hydrodynamic membrane length 
defined in the previous chapter. Thus, for nanopore with one atomic thickness (Lcc=0 
nm), Eqaution 5.4 equals to corrected HP equation used for graphene nanopore in 
Chapter 4. Velocity profile is given by  
113 
 
 𝑢𝑥 = (−
1
4𝜇𝑥
𝑟2 +
𝑅2
4𝜇𝑥
+
𝑅
2𝜇𝑥
𝛿𝑥)𝑄𝑟𝑥 
(5.6) 
where x denotes entrance/exit or interior.  
Interior resistance, ri is calculated with infinitely long CNT, which contains no 
entrance/exit region. The viscosity and slip length at the interior of CNT is calculated 
from Green-Kubo relations (see Chapter 3.3). Then, Equation 5.3 is applied. Similarly, 
entrance resistance, re, is measured in CNT with one-atom thickness (Lcc=0 nm). As 
expected from the velocity profile changes at the entrance and at the interior, the slip 
length is much larger and the viscosity lower in the interior of CNT. At the entrance, the 
slip length and viscosity are 0.47 nm and 1.8 mPa ∙ s, respectively. At the interior, the 
slip length and viscosity are 75.8 nm and 0.69 mPa ∙ s. The next section discusses in 
depth viscosity and slip length in CNT.  
To confirm the validity of our proposed model (Equation 10-12), pressure-driven flow 
is run with nanometer-thick CNT. We considered CNT length from 5 nm to 60 nm. 
Pores, in all cases, are 1.77 nm. Permeation coefficients are measured from water flow 
rate and plotted in Figure 5.9 (blue squares). These NEMD data are fitted to the 
theoretical model given by Equation 5.4 by adjusting the entrance length. The entrance 
length was determined to be 1.61 nm, which is slightly larger than Lh = Le = 1.43 nm 
for CNT with one-atom thickness. Note that the entrance length defined here differs 
from the definition in classical hydrodynamics. In classical hydrodynamics, entrance 
length is defined as the length until the flow velocity profile is fully developed from the 
mouth.  
As shown in Figure 5.10, Equation 5.4 describes reasonably well the effect of 
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entrance/exit and membrane length on water flow rate. The change of velocity profile 
from parabolic to plug-like is also captured by our proposed model (see Figure 5.10). If 
entrance/exit length is neglected, predicted flow rate by the slip HP equation is an order 
of magnitude higher for CNT with L = 5~60 nm. The entrance/exit resistance is less 
than 10 % of total resistance when pore length is larger than approximately 3 μm. Thus, 
when pore length is larger than ~3 μm., the entrance/exit effect could be neglected and 
the normal slip HP equation could be used to predict and analyze the water flow 
through CNT. However, for nanometer-thick CNT, the entrance/exit effect should be 
considered properly.  
The flow enhancement factor over no-slip hydrodynamics can be calculated by 
 
𝜀 = 𝑄𝐶𝑁𝑇/𝑄𝑛𝑜−𝑠𝑙𝑖𝑝 
 
(5.7) 
where QCNT is volumetric water flow rate through CNT and Qno-slip is the volumetric 
water flow rate when surface slip does not occur. According to Dagan’s equation, 
 
𝑄𝑛𝑜−𝑠𝑙𝑖𝑝 = (
3𝜇
𝑅3
+
8𝜇𝐿
𝜋𝑅4
)
−1
Δ𝑃 
(5.8) 
Figure 5.11 plots the enhancement factor calculated with Dagan’s no-slip 
hydrodynamics. NEMD data are plotted with squares and a theoretical model based on 
Equation 5.4 is plotted with a solid line. As the CNT length decreases, the enhancement 
factor also decreases due to the entrance/exit effect. Note that Qno-slip is reduced to the 
no-slip HP equation (𝑄𝑛𝑜−𝑠𝑙𝑖𝑝,𝐻𝑃 =
𝜋𝑅4
8𝜇𝐿
Δ𝑃) when the entrance/exit effect is negligible 
for CNT with L>>R. Similarly, QCNT can be reduced to the slip HP equation (𝑄𝑠𝑙𝑖𝑝,𝐻𝑃 =
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𝜋(𝑅4+4𝑅3𝛿)
8𝜇𝐿
ΔP). In such a case, the enhancement factor remains a constant. The 
theoretical limit of the enhancement factor is given by, 
 ε𝐿≫𝑅 =
𝜇𝑏 𝑙𝑘
𝜇𝐶𝑁𝑇
(1 +
4
𝑅
𝛿) (5.9) 
For CNT with R = 1.77 nm, the calculated 𝜀𝐿≫𝑅 = 213.5.    
5.3.5 Slip length and viscosity at the interior of CNT  
The slip length and viscosity in the interior of CNT are calculated with infinite CNT. 
They are shown in Figure 5.9 with CNT radius. Variation of viscosity with pore radius 
is given by the empirical relation, 
 
μ =
𝐶1
𝑅2
+
𝐶2
𝑅
+ 𝜇𝑏 𝑙𝑘 
(5.10) 
 
where 𝜇𝑏 𝑙𝑘  = 0.85mPa ∙ s , R is pore radius in nm, C1 and C2 are unknown 
coefficients. By using the least-squares method, C1 and C2 are determined to be 0.075 
mPas/nm2 and -0.4 mPas/nm, respectively. Variation in slip length with pore radius can 
be expressed by power law,  
  = 𝐴𝑅𝐵 + 𝛿𝑅→∞ 
(5.11) 
where 𝛿𝑅→∞ is the slip length for infinite pore radius, R is pore radius in nm, A and B 
are power law coefficients. A and B are determined, via the least-squares method, to be 
21.06 nm and -1.363, respectively. 𝛿𝑅→∞ is obtained from the slip length of the flat 
graphene surface to capture infinitely small curvature as 𝑅 → ∞. The computed slip 
length of the graphene surface (𝛿𝑅→∞) is 66.1 nm, which falls between the reported 
116 
 
values of 30 nm, computed by Thomas et al. [1], and 80 nm, computed by Falk et al. 
[25]. Equation 5.10 and Equation 5.11 are plotted in Figure 5.9 as a solid line. 
The viscosity inside CNT is higher than the bulk viscosity as opposed to the lower 
viscosity found in graphene nanopore. The slip length decreases with increasing pore 
radii as in graphene nanopores. However, the magnitude of slip length is approximately 
two orders higher compared to that of graphene nanopore. Such small viscosity and 
large slip length represent a low surface friction of CNT. The small viscosity and large 
slip length can be explained in the interfacial region, water layer, and depletion layer 
adjacent to the pore surface. Water molecules form a layered structure in a radial 
direction, as shown in Figure 5.7(c). Also, due to the weak water-carbon interaction, a 
depletion layer forms near the carbon surface [2, 26].  
The water layer adjacent to the pore surface has an enhanced diffusion coefficient. This 
is due to the reduced number of hydrogen bonds that can provide more degrees of 
freedom. In the center of nanotube, the number of hydrogen bonds is 3.7, which is close 
to the value for bulk water [27]. However, the number of hydrogen bonds is reduced to 
2.1 near the pore surface in (20, 20) and (30, 30) CNT [27]. Thus, as the pore radius 
decreases, the increasing surface effect results in a decreasing water viscosity. Equation 
5.10 can be converted to a weighted average of bulk viscosity and surface viscosity 
according to its area fraction as follows [1]: 
 𝜇=𝜇𝑠
𝐴𝑠
𝐴𝑝
+ 𝜇𝑏 𝑙𝑘 (1 −
𝐴𝑠
𝐴𝑝
) (5.12) 
where 𝜇𝑏 𝑙𝑘 is the bulk viscosity; 𝐴𝑝 = π𝑅𝑝, the total pore area; 𝜇𝑠 is the reduced 
viscosity in the water layer adjacent to the pore surface; 𝐴𝑠 = 𝜋𝑅𝑝
2 − 𝜋(𝑅𝑝 − 𝛿)
2, the 
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area of the effective water layer,   is the thickness of the effective water layer. From 
the coefficients in Equation 5.10, 𝜇𝑠 and   are determined to be 0.13 mPa ∙ s and 
0.28 nm.  
The slip length is determined at the interface between water molecules and the pore 
surface. The increasing pore curvature has the effect of smoothing the energy landscape, 
which can reduce the surface friction coefficient (λ = μ/ )[25]. The variation of the 
friction coefficient with the pore radius is much larger than that of viscosity. Thus, the 
slip length increases with a decreasing pore radius, following the trend of the friction 
coefficient. Note that a weak interaction energy between water and carbon 
(hydrophobicity) and a smooth pore surface contribute to a large slip length by forming 
a depletion layer [2]. The zero curvature case of the flat graphene surface already 
shows a large slip length (~66 nm).  
5.4 Conclusion 
To conclude, we investigated water transport through porous graphene membrane and 
compared it to water transport through thin carbon nanotube (CNT) membranes. For 
smaller diameter membranes, where single-file structure is observed, water flux is 
lower through the graphene membrane compared to that of the CNT membrane 
primarily due to the frequent rupture of hydrogen bonding network and L/D defect-like 
water orientation in the graphene pore. On the other hand, for larger diameter pores, 
where the single-file structure is no longer observed, water flux is higher through the 
graphene membrane, compared to that of the CNT membrane. Water flux through the 
CNT membrane does not vary significantly with different lengths (or thicknesses) for 
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both single-file and non single-file water structure. This result is explained by the 
pressure distribution and plug-like velocity distribution in the pore. In the interior of the 
CNT, surface resistance is extremely small due to the large slip length and small water 
viscosity. Our results indicate that entrance and exit effects are dominant for CNT 
membranes with nanoscale pore length. Finally, our results indicate that a graphene 
membrane can be used as an ultra-efficient water transporter, compared to thin CNT 
membranes, whenever the diameter is larger than 0.8 nm.   
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Figure 5.1 (a) Graphene membrane with a nanopore of diameter, davg=0.75 nm (left) 
and davg=2.75 nm (right). (b) Simulation set-up. Cyan color represents carbon atom, red 
color and white color represent oxygen atom and hydrogen atom of a water molecule, 
respectively. Two water reservoirs are attached to each side of the porous graphene 
membrane. Ly=Lx =4 nm when the pore diameter is 0.75 nm and Ly=Lx = 6 nm when the 
pore diameter is 2.75 nm. In the shaded region (Δz=1 nm), external forces are applied 
on water molecules to create a pressure drop across the membrane. 
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Figure 5.2. (a) Water flux through a (10,0) CNT with a diameter of 0.78 nm and 
through a graphene nanopore with a diameter of 0.75 nm. In both cases, single-file 
water structure is observed. (b) Water flux through a (20,20) CNT with a diameter of 
2.71 nm and through a graphene nanopore with a diameter of 2.75 nm. Single-file water 
structure is not observed in this case. 
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Figure 5.3. Water density (left) and trajectories of water molecules (right) inside 
carbon nanotube. Each color line represents individual water molecule’s position 
change along carbon nanotube axis (z-direction). Dashed line indicates water binding 
sites (Density maxima). Water molecules stay in the binding sites for a while and hop to 
the next binding sites.  
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Figure 5.4. (a) Snap-shot of single-file water configuration across the smaller diameter 
graphene nanopore. (b) Density distribution of water molecules. Favorable water 
positions forming single-file structure are indicated as concentration peaks near the 
graphene membrane. (c) Dipole orientation of single-file water molecules. Density 
distribution and dipole orientation of single-file structure in CNT are shown in the 
supporting information. (d) Hydrogen-bond autocorrelation function of single file water 
molecules in graphene and CNT.  
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Figure 5.5. Snap shots of water molecules forming single file in the graphene nanopore 
when dipole orientations are flipped. Hydrogen bonding is indicated by red dashed line. 
At t0, dipole orientation is positive z-direction. After 4 ps, dipole orientation is negative 
z-direction. When dipole orientation of water molecules is flipped, opposite direction of 
dipole orientation is encountered which cannot be hydrogen bonded (circled region in 
the figure). 
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Figure 5.6. Probability density of dipole orientation angle of water molecules in carbon 
nanotube and graphene. 
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Figure 5.7. (a) Pressure distribution in graphene membrane (d=2.75 nm) and (20,20) 
CNT membrane with two different lengths of 4 nm and 10 nm. Dashed line indicates 
the position of graphene and inlet/outlet of CNT membrane. (b) Axial velocity along 
the radial direction in the pore. For CNT, velocity profile is measured in the middle 
region of the CNT at z=11 nm. (c) Radial density distribution of water in CNT and 
graphene nanopore. r=0 denotes the center of the nanopore. In the case of graphene 
nanopore, the length of the cylindrical region (in which density is averaged) is defined 
by the carbon atom diameter. 
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Figure 5.8. Water velcotiy profile changes from parabolic at the entrance (top left) to 
plug-like at the interior (bottom left) 
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Figure 5.9. Permeation coefficient of finite CNT with 5-60 nm of pore length. CNT 
radius is 1.77 nm for all cases. Dashed line indicates Equation 5.4 obtained from the 
circuit analogy and slip HP equation. Permeation coefficient is an order of magnitude 
lower than normal HP equation without entrance/exit effect.  
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Figure 5.10. Velocity profile at the entrance region (blue) and at the interior region 
(red). r=0 is pore center. Pore radius is 1.77 nm and length is 10 nm in this case. 
Equation 5.6 is represented by dashed lines. The proposed model captures the parabolic 
water velocity at the entrance and plug-like water velocity at the interior.  
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Figure 5.11. Enhancement factor depends on the membrane length for nanometer long 
CNT. Enhancement decreases with decreasing length of CNT due to the dominant 
entrance/exit resistance. For L>>R, entrance/exit resistance becomes negligible and 
enhancement factor approaches to a constant value.  
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Figure 5.12. Viscosity and slip length measured in the infinite CNT. Viscosity increases 
with increasing pore radius and approaches to bulk viscosity. On the other hand, slip 
length decreases with increasing pore radius. Solid lines are empirical fits given by 
equation 5.10 and equation 5.11. Dashed lines indicate limits (bulk viscosity and 
slip length on flat graphene surface) as the pore radius approaches infinity. 
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Chapter 6 
Ion transport in sub-5-nm Graphene nanopores 
 
6.1 Introduction 
Ion transport through nanopores has been an emerging area of research. Synthetic 
nanopores have served as a useful model for understanding the permeability and 
selectivity of biological nanopores with reduced complexity[1, 2]. Conversely, high 
ionic selectivity or permeability of biological nanopores inspired the development of 
bio-biomimetic synthetic nanopores[2, 3]. Effectively blocked ionic currents due to the 
presence of a single molecule inside a nanopore have motivated the development of 
nanopores for single molecule sensing including DNA sequencing [4].  
Graphene nanopore is a promising candidate for DNA sequencing as its thickness is 
comparable to the distance between base pairs [5]. A nanopore has been drilled in 
graphene using focused or defocused electron beam irradiation[6, 7] or block 
copolymer lithography[8]. For high functionality of graphene nanopores, a small pore 
diameter, comparable to the molecule size, is typically desired. For ion and gas 
separation, to obtain a high selectivity, the radius of the nanopore should again be  
comparable to the size of the molecule. For DNA sequencing via ionic current blockade, 
to attain sensitivity and remove the current noise, tightly confining DNA in graphene 
nanopores of a smaller diameter is preferred. Garaj et al. [5] and Schneider et al. [9] 
studied graphene nanopores whose diameter ranges from 5 nm to 25 nm. More recently, 
Garaj et al. reported ion transport through a graphene nanopore of 2.5 to 7 nm in 
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diameter[10].When pore diameter is less than 5 nm, the confined liquid structure in the 
nanopore affects various transport properties of ions. Such properties may deviate from 
the bulk properties. In such a situation, molecular dynamics simulation is a useful tool 
to observe molecular level details. Many researchers have studied ion transport through 
nanopores, focusing on selectivity, diffusivity, dynamics, etc., using molecular 
dynamics[11, 12]. Also, molecular dynamics simulation has been a useful tool for 
analyzing and interpreting experimental data by tracking the movement of all the 
molecules in the nanopore over time [13]. 
Conductance of ions can be theoretically predicted through a combination of access 
resistance and pore resistance [14, 15],  
 1
𝐺
= 𝑅 = 𝑅𝑎𝑐𝑐 + 𝑅𝑝𝑜𝑟𝑒 =
1
𝑑𝜎
+
4𝐿
𝜋𝑑2𝜎
 
(6.1) 
here d is the pore diameter, σ is the ion conductivity and L is the length of the 
graphene nanopore.  
Ion conductivity can be written as  
 σ = (𝜇𝐾𝑛𝐾 + 𝜇𝐶𝑙𝑛𝐶𝑙) 
(6.2) 
where 𝜇𝐾 and 𝜇𝐶𝑙 are mobility of K
+
 and Cl
-
, respectively, and nK  and nCl are 
concentration of  K
+
 and Cl
-
, respectively. 
In analysis of nanopore conductance, theoretical models have been used with bulk 
conductivity[5, 15]. Garaj et al. fitted experimental conductance data of a graphene 
nanopore to a theoretical model (Laplace equation) by inserting the bulk conductivity 
and adjusting the membrane length and pore diameter [5, 10]. However, when the pore 
diameter is reduced to a size comparable to the size of an ion, bulk conductivity may 
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not be valid and this may result in an inaccurate measurement of pore dimensions.  
Due to the lower conductance found in graphene nanopores compared to the theoretical 
model for a small pore radius, the possibility of reduced conductivity is noted in [16]. 
However, the source of the discrepancy was not well understood. The existence of 
concentration polarization or limited reservoir dimension used in the simulation is 
conjectured as the source of the discrepancy[16]. Thus, understanding the validity of 
the theoretical model and graphene nanopore conductivity will be essential for 
graphene nanopores of smaller diameters.  
In this study, we found that the theoretical model is valid for nanopores with a pore 
radius larger than ~0.9 nm if the local ionic conductivity in graphene nanopores is 
properly assessed. The source of discrepancy between ionic conductivity in graphene 
nanopores and the bulk ionic conductivity was found to be due to ion partitioning 
arising from steric hindrance and low ionic mobility, possibly due to the layered liquid 
structure in the pore axial direction. The discrepancy is negligible if the pore radius is 
larger than ~9 nm and the theoretical continuum model captures the reported nanopore 
conductance reasonably well. Additionally, the contribution of pore resistance and 
access resistance was identified to resolve the controversial dependency of conductance 
on pore radius. An electro-osmotic flow several orders of magnitude higher than that of 
porous alumina or carbon nanotube was also detected in the subcontinuum regime  
(pore radius less than 0.9 nm) where discrete particle dynamics is appropriate to 
analysis ion transport behavior.  
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6.2 Methods 
6.2.1 System setup 
We performed equilibrium molecular dynamics (EMD) to investigate ion concentration 
and mobility in graphene nanopores. We also performed non-equilibrium molecular 
dynamics (NEMD) simulations by applying an external electric field to investigate the 
ion currents and conductance of graphene nanopores. Figure 6.1 shows a simulation 
setup. A graphene nanopore is located at the center of the simulation box, which is 
filled with water and 1 M KCl. Both the x and y dimensions of the graphene membrane 
range from about 4 nm to 10 nm in length depending on the pore radius in order to 
maintain the porosity (pore area/total membrane area) constant. The z dimension of the 
total system is approximately 6 nm to 10 nm in length. Graphene pores are generated 
by removing atoms whose coordinates satisfy the condition (x-Cx)
2
+(y-Cy)
2
<R
2
 where 
Cx and Cy are the x and y coordinates of the pore center, respectively. The pore radii 
that we considered in this work are 0.283 nm, 0.539 nm, 0.704 nm, 0.933 nm, 1.169 nm, 
1.511 nm 1.888 nm and 2.462 nm. Pore radius was determined by measuring the 
distance from the pore axis to the location where the liquid density dropped to below 2% 
of bulk value. In this way, accessible pore area for water and ions is well-represented 
[17].  The corresponding center-to-center radii calculated by averaging the distance 
from the pore axis to the center of the carbon atoms in the pore edge were 0.424 nm, 
0.526 nm, 0.911 nm, 1.136 nm, 1.374 nm, 1.687 nm, 2.083 nm and 2.628 nm. 
The carbon atoms of the graphene membrane were modeled as Lennard-Jones (LJ) 
spheres with the parameters σC-C=0.339 nm and εC-C=0.0692 kcal/mol [31]. Water 
molecules were modeled using the simple point charge-extended (SPC/E) water model 
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[32]. Polarization of water molecules was found to be negligible with field strength less 
than 10 V/nm [33]. LJ parameters for ions were adopted from Joung and Cheatham 
where a water-specific force field was developed [34]. With SPC/E water, LJ 
parameters for K are σK-K= 0.284 nm and εK-K=0.430 kcal/mol. For Cl, σCl-Cl= 0.483 nm 
and εCl-Cl=0.0128 kcal/mol. Lorentz-Berthelot mixing rules were used for interaction 
between different species. The total number of water molecules varied from 2,968 to 
30,871 and number of ions varied from 120 to 1,200depending on the size of the 
system.  
6.2.2 Simulation methods 
 Simulations were performed using the LAMMPS package. An NVT ensemble was 
used with periodic boundary condition in all the three-directions. The Velocity-Verlet 
algorithm was used for integration with a time step of 2 fs. A Nosé-Hoover thermostat 
was used to maintain the temperature at 300 K with a time constant of 0.1 ps. Graphene 
membranes were kept rigid during the simulation by fixing carbon atoms to their lattice 
positions. Particle-particle particle-mesh (PPPM) is used for long range electrostatics. 
A shake algorithm was used to constrain the angle and bond length of SPC/E water. 
Initially, all simulations were run for 500 ps for equilibration. An additional 5 to 10 ns 
was run for data production in EMD. NEMD was run for 5 ns by applying external 
electric fields ranging from 0.25 V/nm to 1 V/nm.   
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6.3 Results and Discussion 
6.3.1 Ion hydration in graphene nanopores 
First, we investigated ion hydration in graphene nanopores. Due to the strong 
electrostatic interaction between ions and polar water molecules, an ion hydration shell 
is observed. We measured the hydration radius by investigating radial density 
distribution of water molecules as shown in Figure 6.2. The first density peak in the 
radial distribution indicates the first hydration shell. The first minimum after the first 
density peak is measured as the ion hydration radius. The first hydration radius of K
+ 
and Cl
-
 in bulk water is 0.36 nm and 0.38 nm, respectively, which is in good agreement 
with the reported values (0.362 and 0.385 nm for K
+
 and Cl
-
, respectively[18]). 
Confinement of ion in a graphene nanopore did not significantly affect the size of ion 
hydration radius.  
The ion hydration number was also examined by counting the water molecules in the 
first hydration shell. Approximately seven water molecules occupied the first hydration 
shell for both ions in bulk liquids. The ion hydration number was reduced when the 
pore radius was smaller than 0.9 nm (see Figure 6.3 inset). However, the reduction is 
small, i.e., a coordination number of 6.6 is observed for the smallest nanopore radius 
considered (Rp= 0.3 nm). Due to the extreme thinness of the graphene membrane, the 
effect of membrane on the ion hydration occupied in it is relatively small compared to 
thicker membranes. The hydration number reduction was much larger in thicker 
nanoporous membranes with the same radius. For example, the hydration number is 
reduced by one water molecule when ions were confined in the carbon nanotube with a 
similar radius [19].   
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6.3.2 Partition coefficient of graphene nanopores 
As the pore diameter  gets smaller and approaches the hydration diameter or bare 
ionic diameter, ion concentration in graphene nanopore is significantly reduced from 
the bulk concentration due to the free energy barrier. The ion partition coefficient can 
be determined by  
 Φ =
𝑐𝑝
𝑐𝑏
 (6.3) 
where cp is the pore concentration and cb is the bulk concentration. Ion concentration 
can be calculated by c=N/V where N is the number of ions in the cylindrical bin 
defining the pore (the radius and length of the cylindrical bin are the pore radius and 
length, respectively) and V is the bin volume. Partition coefficients obtained from the 
equilibrium MD simulation are plotted in Figure 6.3. As the pore radius increases, the 
partition coefficient increases and approaches unity, indicating that the pore 
concentration approaches the bulk concentration.   
Since the pore surface is not charged, the main mechanism of ion partitioning is steric 
exclusion and dehydration effect, expressed as  
  Φ = (1 − 𝜆)2𝑒𝑥𝑝 (
∆𝐺ℎ
𝑘𝐵𝑇
) (6.4) 
where Φ is ion partition coefficient,  λ is the ratio of solute radius to pore radius and 
ΔGh is the molecular free energy of dehydration. The first term, (1 − 𝜆)2, computes 
ion partitioning due to  steric exclusion and its contribution is plotted with dashed 
lines in Figure 6.3. The free energy of dehydration is often calculated together with 
Born energy, the electrical potential energy of charged spheres in the dielectric medium. 
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From the continuum dielectric model, free energy loss scales as 1/R [20]. By fitting the 
partition coefficient obtained from the equilibrium MD simulation to Equation 6.4, ΔGh 
is determined as 0.37/R kBT/nm and 0.075/R kBT/nm for K
+
 and Cl
-
, respectively, 
which are very small compared to the total free energy of dehydration (80 kBT and 90 
kBT for K
+ 
and Cl
-
, respectively) or the steric exclusion term . 
In contrast to a conventional nanofiltration membrane, where dielectric exclusion is a 
dominant factor [21], steric exclusion was found to be a dominant factor in ion 
partitioning, probably due to the atomically thin membrane length whose effect on ion 
hydration environment (or dielectric enviorment) is small. However, steric hindrance 
alone cannot explain the higher concentration of larger Cl
- 
over the smaller K
+
 in the 
graphene nanopore. We found that the dehydration-free energy penalty was almost 
negligible for the larger Cl
-
. Due to the weaker electrostatic interaction between ions 
and water molecules, larger ions tended to adjust to the hydration shell with a lower 
free energy cost than smaller ions. As a result, ion partitioning is higher for larger Cl
-
 
than for smaller K
+
.  
6.3.3 Ion mobility in graphene nanopore 
The diffusion coefficient of ions in a graphene nanopore is calculated and plotted in 
Figure 6.4(a). We found that the diffusion coefficient of ions confined in a graphene 
nanopore scales  as (1/Dp-1/Dbulk) ~ 1/Rp where Dp and Dbulk are diffusion coefficients 
of ions in a nanopore and bulk liquid, respectively, and Rp is pore radius. The bulk ion 
diffusion coefficients were also calculated and they are 1.71 × 10−9 m2/s  and 
1.62 × 10−9 m2/s for K+ and Cl-, respectively, which are in reasonable agreement 
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with the reported diffusivity (1.86 × 10−9 m2/s for K+ and 1.58 × 10−9 m2/s for Cl-
). Ion Mobility was calculated from diffusivity and is plotted in Figure 6.4(b). Variation 
in ion mobility with pore radius can be expressed as  
 
𝜇𝑝𝑜𝑟𝑒 = (
𝐶
𝑅
+
1
𝜇𝑏 𝑙𝑘
)
−1
 
(6.5) 
C is determined as 4.104 × 10−3 V ∙ s/m and 6.215 × 10−3 V ∙ s/m for K+ and Cl-, 
respectively, using least-squares fitting. The decreased mobility in graphene nanopores 
is related to the liquid structure near the graphene nanopores. A decreased diffusion 
coefficient of water molecules in a graphene nanopore was observed to be due to the 
layered water structure in the pore axial direction [17, 22]. Similarly, ion mobility was 
also decreased from the bulk value due to the layered liquid structure in the pore axial 
direction. When pore diameter was about 0.5 nm, mobility is reduced from the bulk 
value by about 40%. The reduced ion mobility in graphene nanopore is in contrast to a 
100-times higher ion mobility, compared to the bulk ion mobility, in a carbon nanotube 
[23]. As expected, the layered liquid structure in the axial direction was not found in the 
interior of long carbon nanotubes.  
6.3.4 Conductance of graphene nanopores 
A nonequilibrium molecular dynamics simulation (NEMD) with an external electric 
field was performed to measure the ionic conductance. The ionic current was 
determined by counting the number of ions translocating across the membrane. The 
ionic current (I) as a function of the applied voltage drop (V) is shown in Figure 6.5(a). 
The I-V curve is linear up to a voltage drop of 3 V and conductance is determined from 
the linear slope. The conductance obtained from NEMD simulations as a function of 
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the pore radius is shown in Figure 6.5(b). In sub-5-nm graphene nanopores, 
conductance reaches 41.2 nS. In the smallest nanopore of Rp=0.3 nm, the conductance 
is approximately 0.6 nS.  
The conductance obtained from NEMD is also compared to the theoretical continuum 
model (Equation 6.1) by inserting bulk conductivity and pore conductivity. The 
variation of pore conductivity with pore radius is calculated with the ion density and 
mobility partition coefficient as  
 𝜎𝑝𝑜𝑟𝑒(𝑅) = Φ(R)Γ(R)𝜎𝑏 𝑙𝑘 
(6.6) 
where  Φ(R) is density partition coefficient (Equation 6.4) and Γ(R) is the mobility 
partition coefficient defined as 𝜇𝑝𝑜𝑟𝑒/𝜇𝑏 𝑙𝑘  (Equation 6.5). Pore length (membrane 
thickness) is defined to be 0.535 nm from the water density profile. To be consistent 
with the definition of pore radius, the membrane surface is defined as the location 
where water molecule density dropped below 2% of bulk density. This is somewhat 
larger than the carbon diameter of 0.34 nm. As shown in Figure 6.5(b), the ionic 
conductance is described well by the continuum theory if pore size dependent pore 
conductivity is considered. However, with the bulk conductivity, the continuum theory 
fails to predict the ionic current in graphene nanopores.  
We also examined the contribution of entrance/exit (access) resistance and pore 
resistance. According to Equation 6.1, if the pore aspect ratio (pore diameter/pore 
length) is large, access resistance is dominant and conductance linearly depends on 
pore radius. On the other hand, if the pore aspect ratio is small, access resistance is 
negligible and conductance quadratically depends on pore radius. This scaling has been 
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controversial, as Garaj et al. have argued that the conductance of graphene nanopores 
follows linear scaling [5] while Sathe et al. and Schneider et al. used quadratic scaling 
to fit their data [9]. This controversy might be due to the variation in pore conductivity. 
The contribution of pore resistance and entrance/exit resistance are separately plotted in 
Figure 6.6 with simulation results. A green line indicates the conductance with the pore 
resistance only and a blue line indicates the conductance with entrance/exit resistance 
only. Red line indicates the conductance by considering both entrance/exit and pore 
resistance, which is in good agreement with MD data shown by Blue squares. As 
shown in the figure, entrance/exit resistance is dominant in graphene nanopores and 
conductance shows near linear behavior. However, it does not follow a perfect linear 
scaling due to the variation of pore conductivity rather than the contribution of pore 
resistance. In fact, conductance calculated when considering only the entrance/exit 
resistance deviates from linearly as pore radius decreases. 
6.3.5 Subcontinuum to semicontinuum to continuum transition 
We modified the continuum theory with pore radius dependent conductivity, which is 
referred to as a semicontinuum model. We further compared the continuum and 
semicontinuum models with the data in literature in Figure 6.7.  Open pore 
conductance of 1M KCl was experimentally measured by Garaj et al. [5] (blue triangles) 
and Schneider et al. [9] (blue circles).  It was also measured by Sathe et al. (blue 
squares) using an MD simulation [24]. The semicontinuum model provides very good 
agreement with the MD results reported by Sathe et al.  Experimental data by 
Schneider et al. are lower than both the continuum and semicontinuum models. This 
discrepancy may be attributed to inaccurate measurement of pore radius or surface 
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condition. The experimental data from Garaj et al. provides a reasonable agreement 
with the theoretical model as their data falls between the continuum and 
semicontinuum models. The pore diameter considered by Garaj et al. is larger than 5 
nm. In that case, the difference between the continuum and semicontinuum models is 
less than 20% and experimentally not very significant compared to experimental 
error/variance. Garaj et al. reported pore conductance with a larger concentration (3M) 
and for pore diameter of (2~7 nm) in a recent paper [10]. In sub-5-nm pore, the 
experimental data are closer to the semicontinuum model and show maximum ~60% 
difference with the continuum model. 
The semicontinuum model deviates from the conductance data as pore radius decreases 
and approaches molecular radius. The difference between conductance data and 
semicontinuum model is larger than 10% when the pore radius is smaller than 0.9 nm, 
which is defined as a a subcontinuum regime. In this regime, the subcontinuum 
approach, such as the rate theory, provides a better approximation of pore conductance. 
As with the water permeation rate, ionic conductance can be obtained by calculating 
the equilibrium rate coefficients of ions as follows[25]: 
 𝐺 = (𝑘0,𝐾 + 𝑘0,𝐶𝑙)
𝑞2
𝑘𝐵𝑇
 
(6.7) 
where k0 are equilibrium rate coefficients. The conductance computed by the rate 
theory is 0.69 nS and 3.1 nS for 0.3 nm and 0.54 nm of pore radius, respectively. They 
are much closer to the conductance values of 0.59 nS and 2.6 nS   obtained from 
nonequilibrium MD simulation. In contrast, the conductance values obtained from the 
semicontinuum models are 0.17 nS and 1.8 nS, respectively. 
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The subcontinuum to semicontinuum transition was found at a pore radius of around 
0.9 nm. If the pore radius increases further than 0.9 nm, the difference between the 
semicontinuum model and continuum models is negligible. For a sufficiently large pore 
radius, the continuum approach will be valid with a reasonably small error. The error 
from the continuum model can be calculated as %error= 1 −Φ(𝑅𝑝)Γ(𝑅𝑝). If the error 
criterion is 10%, the semicontinuum-to-continuum transition occurs at a pore radius of 
around 9 nm. If the error criterion is 5%, the semicontinuum-to-continuum transition 
occurs at a pore radius of around 17 nm. In experimental studies on graphene 
nanopores, mostly nanopores in the continuum regime were examined. However, as a 
smaller pore radius is more desirable for DNA sequencing applications or molecular 
sieving applications, semicontinuum and subcontinuum approaches may be necessary 
in order to predict and properly design graphene nanopores.    
6.3.6 Electro-osmotic water flow 
Electro-osmosis is a well-known liquid flow under an external electric field. In 
continuum electrokinetics, an electro-osmotic flow is generated as a result of the 
electrical double layer near the charged surfaces. We measured water velocity in 
graphene nanopores by applying an external electric field (see Figure 6.8). As shown in 
Figure 6.8, the net flow rate of water is as large as ~0.68 m/s in a subcontinuum regime 
without any surface charge. Moreover, the flow direction depended on the pore radius. 
As shown in Figure 8, water velocity is positive when pore radius is less than 0.5 nm 
and negative when pore radius is larger than 0.5 nm. The average water velocity is 
qualitatively correlated to the ion selectivity. The difference between cation and anion 
partition coefficients is shown in the inset of Figure 6.8 to relate them to the water flow 
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behavior. When a pore is cation selective (ΦK>ΦCl), net water flow was induced in the 
direction of the electric field as more cations can drag water molecules. Similarly, when 
pore radius was anion selective (ΦK<ΦCl), net water flow was induced in the opposite 
direction of the electric field as more anions can drag water molecules in that direction. 
When the pore radius is approximately 0.5 nm, water velocity is close to zero as the 
cation and anion partition is balanced by steric exclusion and dielectric exclusion.  
The corresponding zeta potential that can induce the same amount of electro-osmotic 
flow rate due to the electrical double layer can be calculated with the Helmholtz-
Smoluchowski equation [26]: 
 𝑈 = −
𝜀𝜁
𝜂
𝐸 (6.8) 
where U is the mean liquid velocity, ε is the dielectric constant, ζ is the zeta potential, 
η is the viscosity, and E is the external electric field. The ζ potential calculated for 
sub-nanometer pores ranges from -3 mV to 3 mV, which is comparable to the ζ 
potential of alumina [27] or silica surfaces [28] with zero surface charge, as they are in 
the same order of magnitude. However, due to the extremely small thickness of the 
graphene membrane, the electro-osmotic flow generated by a unit-applied voltage drop 
(~45 cm/Vs) is several orders of magnitude higher than that in micrometer-thick 
nanoporous membranes. A water velocity of 0.0008 cm/Vs was measured in a 
nanoporous alumina membrane [29]. In the case of a carbon nanotube, up to 3 cm/Vs of 
water velocity was estimated from the significantly large ion mobility in carbon 
nanotube, but this is still an order of magnitude lower than the velocity in graphene 
nanopores [30].  
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6.4 Conclusions 
In this study, monovalent ion transport and dynamics in graphene nanopores was 
studied with and without the application of an external electric field. In equilibrium 
condition, ion concentration in graphene nanopores sharply drops from the bulk 
concentration for pore radius smaller than 0.9 nm. The main contribution to ion 
partitioning was found to be steric exclusion. The contribution of dielectric exclusion to 
ion partitioning was small, but it resulted in a slightly higher concentration for the 
larger Cl
-
 ions than for the K
+
 ions. Ion mobility is smaller than bulk ion mobility due 
to the layered liquid structure in the pore-axial direction. By modifying the ionic 
conductivity with the local density and mobility partition coefficient, the continuum 
description predicts the ionic conductance reasonably well for pore radius larger than 
0.9 nm. For pore radius smaller than 0.9 nm, rate theory provides a better estimation of 
ionic conductance, indicating the transition to a subcontinuum regime. A discrepancy in 
pore and bulk conductivity is negligible for pore radius is larger than 9 nm, indicating a 
continuum regime. Additionally, an electro-osmotic water flow rate an order of 
magnitude larger was found when a comparison is made to thicker carbon nanotube 
membranes. Since many applications of graphene nanopores, such as DNA sensing and 
protein sensing, involve ion transport driven by electric field, the results presented here 
will be useful not only in understanding the ion transport behavior but also in 
predicting and designing bio-molecular sensors.  
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Figure 6.1 Snapshot of an MD simulation of ion transport through a graphene nanopore. 
Graphene membrane is shown in blue. Water molecules are represented by red (oxygen) 
and white (hydrogen) spheres. K
+
 and Cl
-
 ions are represented by purple and green 
spheres, respectively.  Overhead view of simulation box (left). Water molecules in the 
top reservoir are removed to show the nanopore. Nanopore radius is R=0704 nm. Side 
view of the simulation box (right).  
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Figure 6.2 The radial distribution function of water molecules around K
+
 and Cl
-
. The 
first minimum from the center indicates the ion hydration radius. The snapshots show 
the ion hydration shell around K
+
 and Cl
-
.  
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Figure 6.3 Partition coefficient of K
+
 and Cl
-
 with pore radius. Dashed lines indicate 
the partition coefficient as a result of the steric hindrance only. Solid lines indicate the 
partition coefficient as a result of the steric hindrance and hydration free energy loss 
(Equation 6.4). Inset: Ion coordination number for K
+
 and Cl
-
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Figure 6.4 (a) The Reciprocal of the diffusion coefficient of ions varies linearly with 
the reciprocal of the pore radius. (b) Ion mobility with pore radius. Mobility  increases 
monotonically and approaches the  bulk mobility as the pore radius increases.  
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Figure 6.5 (a) I-V curve for a graphene nanopore. Pore radius is 0.7 nm. Current 
increases linearly with voltage up to 3 V. (b) Ionic conductance obtained from the slope 
of I-V curve in the linear region. The dashed line is the continuum model with bulk 
conductivity and the solid lines are the continuum model with pore conductivity 
calculated from Equation 6.6.  
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Figure 6.6 The contribution of pore resistance and entrance/exit resistance. Green line 
is conductance with pore resistance only. Blue line is conductance with entrance/exit 
resistance only. Red line is conductance with both pore resistance and entrance/exit 
resistance. Blue squares are MD data. In the case of graphene nanopores, entrance/exit 
resistance is more dominant. However, due to the varying pore conductivity, 
conductance shows mild nonlinear behavior.  
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Figure 6.7 A comparison of the theoretical model with conductance from the present 
and previous studies [5, 9, 10, 24]. Dashed lines indicate the continuum model with 
bulk ion conductivity. Solid lines indicate the semicontinuum model with pore 
conductivity dependent on the radius, calculated from Equation 6.4. Blue data points 
and lines are for 1 M KCl. Red data points and lines are for 3 M KCl. Red Squares are 
with pore radius measured with TEM image. Red circles represent effective pore radius 
obtained by subtracting 0.325 nm from the radius measured with TEM image [10]. For 
pore radius smaller than ~0.9 nm, the conductance data deviates from the 
semicontinuum model with more than 10 % difference, which is defined as 
subcontinuum regime.   
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Figure 6.8 Electro-osmotic velocity and corresponding ζ potential induced by an 
external electric field. Inset:  The partition coefficient difference between K
+
 and Cl
-
. 
Electro-osmotic water flow shows a qualitative correlation with ion selectivity.  
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